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GREENLEAF'S NEW HIGHER 
ALGEBRA. 



DEFINITIONS AND NOTATIOiif. 



EXERCISES ON DEFINITIONS AND PRINCIPLESb 
(Art. 48, pp. 17, 18.) 

2. Ans. 2x — ^. 

4. Ans. abXc*Xd\ or ab . c^ . d^y or abc^ d\ 



5. Ans. 



^+y 



a — 6* 
6. Ans. o« ^ V. 



8. Ans. ^ + a«— 5» = V^+^. 

9. Ans. -T- : -j = x*y* : ^2f*. 
10. Aus.^^>(a-dy(a+by-^ 



Sx 



(Art. 49, pp. 18, 19.) 

3. 72 + 60 — 5 = 127, Ans. 

4. 36X11 — 240 = 396 — 240 = 156, Ans. 

5. 900 — 15.00 -f 108 = — 492^ Ans. 

6. 252 + (— 1) X 2 = 252 — 2 = 250, Ans. 



4 KEY TO HIGHER ALGEBRA. 

7. 60 — ■ 35 — 1 = 24, Aus. 

8. 240 — 91 + 1 = 150, Ans. - • 

9. 2 + f + 3 = 5§,Ans. 

10. 4 + 1 + 9= 13t, Ans. 

11. J + | = Jj^ = 4,Ais. 

13. (1 + 1 + 1)(4+1 — 1)(1 — 1 + 3) = 3X4X3 = 
36, Ans. 

14. 8 — 20 + 2 + 18 = 8. 

15- 16-.16 + 3J — f + T^ = 3,Ans. 

16, i+±II^izt] = 5 + l — 2 = 4. 

^^- " f + f - 2 + 8 -*-l'A««- 

18. 9 — 2 + 2 = 9. 

19. 6 + 6 — 2 = 10, Ans. 

20. 5X 14 + \/63<l = 70 + 6 = 76. 



ADDITION. 

(Arts. 54, 55, pp. 21-23.) 

3. Ans. Sax, 4. Ans. 7n. 

(7.) 
3a+ 6—10 
— a + c — d 

^2a — Sb— 7 — 4c 

5 +4x«— 18m 

4 a — 2 6 — 12 — 3 c — rf+ 4 ar»— 18 w 



ADDITION. 



(8.) 




(9.) 


la — 5y* 4»»« 


+ 3a6- 


-4c 


2 a -\-9\Jx 2mn 


— 4a* 


+ 3a: 


5y»— ^x 


. 


+ 3«»« — 4p 


— 9a +7^* ^mn 


— a6- 


-4c + 3a: + 3»»'' — 4j» 


U^x 






. (10.) 




(11.) 


3a*+ 2ab+ 4«» 


ia*- 


• 5a* — baa?-\- 6a*a; 


5a'— 8ab+ ¥ 


3a»-|- 


• 6a»+ 4ax»+ 2o''a; 


— o«+ 5ab— i» 


-17x» . 


+ 19aar'— ISo'a; 


18a»— 20aJ— 19J» 




18a»+13a«* — 27a''a; 


14a«— 3a.J + 205«' 


12a:» — 
- 9a:« 


•20o« + 3a«a; 


39a«— 24aJ4- 66* 


— 31aa« + 31a»a; 


— 


- 7a^ — 


o» 


(12.) 




(13.) 


' 8oJ + 3(o + J) 




7^y_4(o+6) 


— ffli+2(a + J) 




6Vy+2(a + J) 


7a6 — 4(o + 6) 




2^^+ (« + *) 


— 2a6+6(a + J)- 




Vy-3(« + J)- 


7aJ+7(a^-J) 


Ana. 
(14.) 


le^y— 4(a+6) 


8(c + <0a:» + 4y— 1 


Wy 


, 




6a:*y — 2ax4-12 


y+ 


\/y 


— 5aa; 


(c + d)«* 


— 


a?'y + 3«^ 


2y 


+ 


:c«y -14 



1* 
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(17.) 




(18.) 


amx-\-2df/ 




Aax — 5wy 


2cx—3dy 




3rfa:+7-«y 


3dx+5y 




7ma;+4my 


(am+2c-]'3d)x+(5—d)y 


(4a+3rf+7m)a:+(7»— m)y 


(19.) 




(200 


3n« — 


5 X 


ax-\-5if 


4m« + 


n X 


6ax — y 


6 az — 


4m X 


2bx+2y 


(3n + 4m + 5a)2 + (n — 5 — 


4:m)x 


(7a + 26)a: + 6y 


(21.) 




(22.) 


(2a + c) {m — sjm) 




"a«+dy» 


b (m — ^ ^) 


* 


— rfa; +5y 


— 3c(m — \/w) 




— J y*+»»y 


(2a + 5— 2c) {m — \/m) (a 


— lf)X 


+(rf_5)y^4.(6 + «)y 



SUBTRACTION. 

(Arts. 59-61, pp. 25-28.) 

(9.) (11.) 

31a;« — 3^"+ ab 6o + 36 — 5c + l 

17ar' + 5y« — 4oi4-7 6a — 86— 5c 



'A.ns. Ua^ — Sf-^-bab — l 


Ans. 6 5 +1 


(12.) 


(13.) 


5xy+ 4a«— 65« 


lla— 76-f c 


3a:y— 9a«— ft»+4 


a+ 75 — 3c + ll 


Ar?. 2a;y+13a^— 55^ — 4 


10a— 145 + 4C— 11 



SUBTRACTION. 

(14.) (15.) 

»i2 + 3n» 31a— 15a; — 7 

_4m2— 6«» + 71a; 2a — 25a; +5^ 

5m2-|-9w» — 71a; 29a + 10a; — 7 — 5^ 

(16.) (17.) 

a-\- h a — h — c 



2a — Sft — «+ * + 



c 



— a + 3* 2a — 25 — 2c 

— a-f- ft a — h-\- c 

2b a— b — 3c 

19. Ans. a — (h — c — d — e). 

20.^ 3a + 5 — a + 5 = 2a4-2ft. 

2lf 2a» — 3a2ft + 4aft2 — a» — ft» — a5« 

22. 6a— 9a; — 4a + 5a; = 2a — 4a;, Ans. 

23. 4a — 5ra; — a + 4a; + a; — 8a = — 5 a. 

25. 5a — 45 + 3c — 3a + 26 — c = 2a — 2ft + 2c. 

26. 6 ar^ + 2y2_ 3 ar2_2^a_ 2 ar^- 4y2 -I- 4a;2_^2 
= 5a;2_4y2, 

27. 1 — 2 + 7- a; + 4 + 2 — 3 — 4 + x — 5 = 0. 



(28.) 


(29.) 


ay — b 


a«» + rfy« 


dy — c 


Ja:»— cy« 


(a — c?)y — 5 + c 


(a_6)a:.+ (rf+c)y« 


(30.) 


(31.) 


aa; — fta;-j-ca; 


aar" — h3?-\-cx — d 


ax — fta;-|- x 


hx'-\-ex — 2d 



{c—\)x aa;8_2 5a;2+(c — e)a;+rf 
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(32.) 



(4a — 5 5)^a; + y+(« — ^)^y — c a;* 

(3a — 2 5) v^ ^^+7+ Zh'xy — (b-^c)z' 



{ja — lh)sjx-^y+{a — 4.h)xy-^ bs» 



MULTIPLICATION. 

CASE I. 

(Art. 67, pp. 80, 31^ 

5. Ans. 45w*«'. 11. Ans. — 55 n*. "" 

17. 8aar2y2><(— 2a» «*/)=— 16 a* aV 5 

19. — 2ac2X (-— 4ac-«) = 8a2c-i;8a«c-iX(— 3a62) 
=_24a«62c-i;_24a«62c-iX(— *c^ = 24a«fi«rf. 

CASE n. 

(Arts. 68, 69, pp. 31-33.) 

(8.) (9.) 

3ar*— 2xy — f ar^ + 2a;+l 

2 a: — 4y a;2_2a; +3 

6a:»— 4:x^y — 2xf aAj^27^ + x^ 

— 12ar*y4-8a:y2+43/8 — 2a:8 — 4ar» — 2 a: 

6a:«— 16ar»y + 6a:/ + 43/8 ^3a:24-6a:4r3 

X* +4a: + 3 



MULTIPLICATION. 9 

(10.) . (11.) 

a -f-ft —c 3a — 26 

q —h +g —2a 4- 46 

a^-{-ab — ac — 6a^4" ^^^ 

_a^ — ^+ ^c i2o6— sy 

qc -|- 6c — c^ Ans. _6a«+16o6 — 86» 



«« _^+26c — c« 

(12.) (13.) 

a^^ab + ^ l—x +ar» —a^ 

a — b a-^-ax 



af-^a^b-^-alf^ a — oa:-j-«^ — «2c* 

t — q«5 — al^-^l^ ax — aa^-\-a7? — ga?* 

o* — y Ans. a — aor* 

(14.) (15.) 

5a«— 8a 6+ 46^ 3a— x 

6a — 56 2a -}- 4x 



30a»— 18a«6+24a6^ 6o«— 2a a; 

— 25ag6+15a6g— 206^ 12a x— Ax^ 

30o«--i43a«6+39a6»— 206^ 6a«+10a a:— 4a:2 

4a — 2a: 



(17.) 24o»+40a«a;— 16aa:» 

3a + 46 — 12 g^a;— 20 ag^+ 8 a:» 

2a + 6 24a» + 28a«a;— 36aa:«+8a:» 

6a3+ 8a6 

Bab-^4.(^ (18.) 

6a«+lla6+46« a^—a'^x-i-a^a^—a a:»+»« 

a -{-x 



a* — a*a:-j-^^ — a^afi^ax^ 

a^x-^cfia^'^-a^x^ — aai^^a:^ 

a» +afi 
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(19.) 


(20.) 
o»— o" 
2a — o" 


a»— a«a:* 

a»— 2a*a;*+a:' 
(21.) 


20"+* — 2a"+i rf»+"-f o»» 

• 

(22.) 



l_a;+ar»— ar« 

1— ar+or*— a:» 
a?— or'+a;^- 
1— »* 
1+ar* . 

1—0^ 

ar* — 7^ 



a+2a: 
a —3a: 


6ar» 




a^+2a X 
—3a a:— 




a* — a X — 

a -|-4aj 


6ar» 




if — (fx — 
4a^a: — 


6aar« 
4aar»- 


-24a:» 



—7^ o»+8a*a;— lOoa:* — 24a* 

(23.) 
o»_8a«+ 8a— 1 
a«— 2a-t- 1 



o»— 8a*+ 8a»— a* 
— 2a*-i- 6a»— 6o«+2a 

a»— 3a«-f-3a— 1 

a»_5a«+10a»— 10a«+5a— 1 

MULTIPLICATION BY DETACHED COEFFICIENTS. 

(Art. 74, pp. 35, 36.) 

(8.) (4.) 
1+1-8 l + l-j_l + l_|_l + l 
1-1-0—1 1 — 1 



1+1-8 1 + 1 + 1 + 1 + 1 + 1 

' —1 —1 +8 —1 — 1 — 1 — 1 — 1 — 1 

1+1 _4 —1+3 1 + + + + + — 1 

y»+y«-4y»_y«+3y x«— 1 





DIVISION. 
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(5.) 
1 — 2 + 4 
1 + 2 + 4 
1—2 + 4 
2 — 4 + 8 


• (6.) 
3 + 3 + 3 + 3 + 3 

7— 7 

21 + 21 + 21+21+21 
_21 — 21 — 21 — 21- 


-21 


4-8 + 

1 + + 4+0 + 

a«+4o«J" + 


16 21+ 0^+ 0+ 0+ 0- 
16 21a« — 214» 
166* 

(7.) 
• 1 + 1+1 + 1 
1 — 1 

1 + 1 + 1 + 1 
— 1 — 1 — 1 — 1 


-21 




1+0 + + — 


1 






DIVISION 






CASE I. 






(Art. 79, pp. 39, 40.) 




5. Ans. ajr". 
ai ai 
''■ «1 = -| = 


8. 3a*c — a-\-Ga^e. 

CASE n. 
(Art. 80, pp. 40-43.) 




8a». 


(4.) 
_4oaj_6oJ8+3J« 


2a— b 




8a»- 


ia'—S^ 






— 6oJ«+3J» 
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(6.) 
_4a»— 4a«6 



«+ 5 



— 4a«+86^ 



3a52+8&» 



(6.) 
2a^x^— ax 



2ax—\ 



21a»— 21ft« 
21a» — 21a** 



— 4aar + 2 

— 4qa?+2 

(7.) 
7a— 76 



ax — 2 

# 



3a*+3 a«6+3a^y + 8ay + 8y 



21a*i- 


-21ft» 


21o«i- 


-21a"'*» 




21a»i»— 2iy 




21o«J«— 21a«i» 




21a«i»— 215» 




21a»J»— 2laJ* 




21a6«— 21J» 




21aM— 219' 



(8.) 
a;«-|-a^y«_a«g« 



.*•(«»—»•+«* 
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(9.) 






+y 



^--^y+xf—f^- 









.tt±x£__ 

— a?y»— y* 
2y* 



(10.) 
4q + 4a-i 



a +a" 



a«+4 + a-« 



q-i+g-3 

(11.) 
o+«)a* — 7?{a^ — aa + ac^. 

— a*«r — a?" 



2a» 



— 2a? 
(12.) 



^+y" 



« +y 



^y 






14 
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(13.) 

x*J^3a^'\'X^y 

— Sa^ — da^—a^y—Gxy 

— Ss^—^a^ —3xy 



— x^y — 3xy—f 
—:fy-Zxy—f 



(14.) 



l_a)l + a(l + 2a + 2a«+2a«-f-etc. 
1— a 





• 2o 
2a- 


-2a« 


.2a* 








2c? 
2««— 2a» 






2o» 
2a»- 








2a* 




a-\-ax 


(15.) 
(a — ax-\-aa? — a«*-|- 


etc 




— ax 










— ax 


— aa? 
as? 

a3?->ras^ 

— a^ 

— a^- 


-as*' 





aiC* 



(16.) 



a'»+*-j-a»+* 5m-i — a*"-^ i"+^ — ^+* 



„m+» 



«"»-! 5^+1 



a*«-i_5^+i 



a«-i-|-6'»-i 









umsioN. 
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(17.) 



a*4-a«6 + a»J*+ai»+J« 



a4 _ a» J _j_ oS J?. _ a jo^ j« 



—an — a»y— qny— a*y— a»y 

— tfV + V 






DIVISION BY DETACHED COEFFICIENTS. 

(Aet. 81, pp. 48-45.) 
(3.) 



6 — 17+ 0+] 


L6 


3 — 4 


6— 8 




2 — 3-4 


— 9+0 


29? — Zxy—lf 


— 9+12 




— 12 + 16 


— 12 + 16 


(4.) 


3+3 4 4 


1 + 1 


3 + 3 


8 + — 4 


— 4—4 


3y*+0a!y— 4a:» 


— 4 — 4 







16 



KEY TO HIGHER ALGEBRA. 



(5.) 



1—3-, 8 + 18 — 8 


1 + 2 — 2 


1 + 2— 2 

— 5— 6 + 18 

— 5 — 10+10 


l_5 + 4 
o«— 5a6+4«' 


4+ 8- 
4+ 8- 

(6 
1—6 + 10- 10 + 5 — 1 


-8 
•8 

•) 
1- 


-2 + 1 


1 — 2+ 1 
—3+ 9 — 10 
_8+ 6— 8 


l_3+3 — 1 

i»»— 3»»«n + 8»n»«— n* 


3— 7 + 5 
3— 6 + 3 
-^ 1 + 2 — 1 
_ 1 + 2 — 1 

(7 
1 + 0+0 + + + + + 1 

1+1 

—l+O «•— «»y^ 

—1—1 


•) 

1 + 1 

1 — 1 + 1 — 1 + 1 — 1 + 1 
-x*y«-a:»y«+a^y«-x/+^ 


1+0 

1+1 ■ 

-1 + 

—1—1 


1+0 

1+1 

-1+0 

—1—1 


1+1 
1+1 



FACTORING. 17 



USEFUL FORMIJLAS. 

(Art. 96, pp. 46-48.) 

5. Aiis. 4fw*+12i?»n+9n^ 
7. Ans. 16a«5^— 8o*a+a:^. 
10.- Ans. 9 a*— 6«. 



16. (c — a-f*) {c + a — b)=^(c — a—Jb) (c + d^i-J) 
= c«— (a — *)3 = c2 — a«+2a5 — ^. 

17. [(a + 6) + (c + ^][(a + 5)^(c^c0] 

= (a4-i)2-.(c + ^« = a2 + 2aft4-*^— c*— 2crf— c?. 



FACTORING. 

(Arts. 101, 102, pp. 51-54.) 

3. Ans. (a+^) (a + ar). 5. Ans. 3aft(ft+3arf). 

6. 1 — 8x*=l«— (2a:)«=(l-^2a:) (l+2a; + 4ar^), by 4. 

7. 3fta:^+66a;y + 35y« = 3i(a:«+2xy+y^ 

= 3i(a: + y) (x+y), by 1 and 2. 

8. 81 a«— 1 = (9 ay— 1 = (9 a* + 1) (9 a*— 1) 

= (9a*+l) (3a2+l) (Sa^— l),by3. 

9. 5a^-{-5y^=5(a^+y^) 

= 5 (x+y) {<K^-^7^yJ^a?f— xf+^), by 1 and 4. 
10. nQi? — 2nxy'\-ny^z=in{x^—2xy'\'f) 

= n(x—y)(x—y). 
12. 2^—y'=(ai'y—(fy=(a^-^f)(a^—y') 

= (^+f) (^+y) (^-^). 

14. c2_(a_5)2=[c— (a — *)] [c4-(a — *)] 

= [c_a4-5] [c + a — 3]. 
16. am — an-^-hm — bn=za{m — w)-{-5(m — w) 

= (a + 5) (wr«=— n). 
2* 
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17. a« — *«=(a» + ft») (a»— 5«) 

= (a + *)(a«— a3 + ft2)(a_5) (a«-^aft + ^. 

18. a:« + 12a: + 20=ar»+(10 + 2)a?+10X2 

= (x+10)(x+2). 

19. a«_16a + 64 = a2_(8 + 8)a+8«=(a— 8)(a — 8). 

20. a«+a — 2=a2^(2— l)a~lX2 = (a-^l)(a+2). 

21. 6*— ft2— 20=J*+(4— 5)&2_5><4^(59^4) (^—5). 

22. x2y2+12a:y+27 = ar»y2+(9 + 3)a:y + 9X3 

= (a:y + 9)(a:y+3). 

25. a^y — J^xy — ^y=y(a^—Ji^x—^) 

26. 5a«5 — 5a25 — 30aft=5a5(a«— a — 6) 

= 5a*(a2+[2— 3]a — 3x2) = 5a5(a — 3)(a+2). 

GREATEST COMMON DIVISOR. , 
CASE I. 

(Art. 107, pp. 56, 57.) 
(2.) ' (3.) 

3a 3i^—2a^x =ax(Sx—2a) Aa^b cz=z2X2a^h c 

a^x^—3ahx=ax(ax—Sb) QaHd=2XSa^bd 

ax 2a*ft»<;= 2a*ft*c 



(4.) 

Qa^y — 12a^f+3x f = 3xy (2x'—ixy-\-y^) 

4a a^-^^ax y +4a^a; =4aaj(a:+y + «) 

Ans. X. 

(5.) 

a:8 — a^=i(x — a) (oc^-^ax-^a') 

a?—a^={x—a) {x +o) 



2a«6 
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. (6.) 
«i«+2mn + n^=(m + n) (m + n) 

m' — n^=(m + n) (m — n) 

m-f-n 

(7.) 
5a»— 10o25_|_5a ^2—5 ^ (a — b)(a — h) 

Sa^—Sa^b =2^a^(a — b) 

a (a — b) 

(8.) 
^c + 75c + 12c= c(J+3)(6+4) 
Sa^-f 21a5+36a=:3q(6 + 3) (& + 4) 

(^+3) (6+.4) 
(9.) 
:t^-l =(a^+l) (x+l) (x-l) 

a?* + 2ar>+l =(ar» + l) (x'+l 

CASE n. 

(Art. 108, pp. 57-60.) 

(3.) 
a2_5aar+4x2)a»— a^+ 302:^— 3a:»(a+ 4 a: 

iah;— as?— 3a:» 

4a^— 20aar».4-16a:^ 

19ax2— 19a^ 

a — a:)rt®— 5aa;+4a:^(a — 4a? 



— 4aa:+4ar' 
— 4aa;-|-4ar' 
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a^—7x'i-10)4:a?—25a?+20x+26{i:X+3 
4g»— 28x^+40 a? 

8a:«— 20a:+25 
3ar»— 21a: + 30 



X— 5)ar'—7x^l0(x—2 
a^—6x 
_2a:-fl0 
—.2x+10 
(6.) 

y*te -|-y^— ^— a?* 
y*a? — yV—yg^-f"^ 
2y^— 2a?* 
5r' — a^)5^--y^---yar*+aJ»(y--<r 

— ^^+a:» 
— y^-j-a:* 

(6.) • 



3C*-|-2a:» — a:— 2 
s^— a:«+2ar»+ a>-|-^ 



a^— aJ»+ 2ar»+ x+ 8 
3 



3aJ»— 2ar»— 2a:— 5)3a^— 3a:»+ 6ar»+ 3a:+ 9 (a: 
3a;*— 2a:»— 23^^— 5a? 
— aJ»+ 8a:2+ 8a>f 9 

3 

— 3a;«4-24ar^+24ar4-27 (—1 
— 3a;»+ ^^+ ^^+ 5 
22a;2+22a?+22 
ar»+a>fl ) 3a:»— 2a:2_2a:— 5 (3aj— 6 
8a:«+3ar>+3g 
— 5a^ — 5aj — 5 
— 5ar* — 5aj — 5 
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(7.) 
2a^-f 3a«ar— 9a«a2=a«(2a2+3aa:— 9ar») 
^c^x— 17 €?x^^ 14a*«*— 3oa?*=oa; (6 o«— 17 a«a:+ 14aa:^ 
— 3a^). 
2a«+3aa:— 9ar* ) 6a«— 17aV|-14aa^— Sa^^ ( 3a— 13x 

I 6a»+ 9o^— 27aa^ 

— 26a2a>-f41aar»— 3ac« 
— 26a^b-r^9aar'+l 17a:> 

80ar«— 120a:« 

2a— 3a;)2a«+3aa>— 9ar»(a4-3a; 
2a'— 3aa; 

6a»— 9a:2 
Ans. a(2a — 3a:) = 2a2— Sax. 6ag— 9a:» 

(8.) 
a^_|_6a:» + llar»+ 4 a: —4 
a;4^2a;»— 5ar^ — 12 a; —4 

4a:»+16a;«+16 x 
^\. 4a: + 4)a:*+2x« — 5a:2_i2a:_4(ar»— 2a:— 1 
a^^_4aa>^4a^ 

— 2a;» — 9a:»— 12a: 

— 2a:»— 8a:2_ g^. 



— ar*— 4a: — 4 
_ aJ»_ 4a: — 4 



(9.) 
6ar»y + 4x5r»— 2/=3^(6ar» + 4a:y — 2jO 
8a:«4-4ar^y — 4a:y*=4a: (2ar» + ay— y«) 

2a:«4-xy— s^)6a:«+4a:y — 2yM3^ 
63:^ + ^3^^ — ^y'' 
a:y+ s^ 

a; + y)2ar»+ xy—f{2x—y 
2ar'4-2a:y 

2(aj+y)=gr. com. factor. — xy — y^ 
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(10.) 
2la:»_26ar^+5a: 
2 

X 



6a:2_a-_5)42x2— 52a:+10(7 
42 aj?— 7 a;— 35 



— 45a:+45 

a— l)6ar»— ar — 5(6a:+5 
Car* — Gar 













5a;— 5 












5a; — 5 


af — 


l)4a?— 

4:3* — 


12a?+l 
4a? 


)a;— 1(' 


la;«- 


-8a;+l 







8a?+! 
8a?+l 


ia; 












a:— 1 










x—1 








LEAST COMMON 


MULTIPLE. 








CASE ] 


[. 








(Aet. 


113, pp. 


61, 


62.) 


8a« 
10a»« 


(2.) 
= 2«a* 
= 2 X5 
= 2>X3 


o»6 


2(«+6): 
3(o«— 6»): 


(3.) 
= 2(«+6) 
=3(o-fi)(a — J) 


12a»i« 


6(a«- 


■l^: 


= 2X3(a+6)(a — i) 



120 a* *«=2»X 3X50*6* 

(4.) 
(a;+l) (a? — l) = (a:+l)«(a:— 1) 

a? — 1 =(a;— l)(a? + a;+l) 
(a;+ 1)» (a?- 1) = (a:+ 1)» (a: - 1) (a? + a; + 1) 
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(5.) 
(o +i)»=(a + 4)» 
a"— 6« =(a4-J) (o — 6) 
(a — b)' = (a — J)" 
«^ ^_ 3 a" 6 + 3 a i«-f 5* = (a + J)» 

(a 4- b) (a« — 52)2 — (a 4- *)« (« — J)» 

(6.) 
4(1— a^') = 2''(l+a:) (1— «) 
8 (1— a;)i=2»(l — ») 
8(l+a:) = 2''(l+a:) 
4(l+x*) = 2''(l+a:») 

8(1— a^)=2«(l+x) (1— a:) (1 -f- sb") 



CASE n. 



(Aet. 114, pp. 02, 63.) 

(2.) 
sf—2a^—xf-^2i/')3a*— a^Sy— 3ay»+ y»(3 



«» — y' ) a:«— 2a%— 3^"+ V («— 2y 
a:* — 0^ 

— 2a%+2y» 
— 2a;Vf2i/» 



(«— 2y) (3*»— ai»y— 3a;y«+y«) = (a:— 2y) (Sa:— y) (a;*— y*) 
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(3.) 
a:2_8a;-f>7)a:» — 9a:« + 23a:— 15(a:— 1 

aJ» — 8a:*4- 7x 





_aJ"+ 8a;— 7 
8a;— 8 


a;+7(x- 

X 


-7 


c^- 


— 7 
-7 
-9*'+23x-16) (^-8»:+7)_ 


a;+7 . 
r+7 

«;-15)(x- 

-2(a; + 8 

~2 

-2 


-7) 




(4.) 

2fa:*-}4ea;--2)6«*— a: — 1(3 
6««+ 9a;— 6 
— 10a;+5 

2a; — l)2a^4-3a;- 

4a;- 
2x— l)6a:«-- a;— l(3a;+l 
6a;»— 3a) 

2a;— 1 
2a;^l 



^^^±^^-^S^^^= (2^+3a;_2) (3a;+l> 

(5.) 

FIBST SOLUTION. 

a:3^2a:— 8)a:* + 5a:-f- 4(1 
a:g4-2ag— 8 
3a: + 12 
xJ^ 4:)x'-\-2x—%{x—2 
x^-^4tx 

— 2a: — 8 

— 2a: — 8 
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"•+'''-:!^?+'"+" =(»-^)(»^+».+4) 

' =a;»-|-3ar» — 6a; — 8 
ar^ + 7a:+12)x« + 3ar^— 6a;— 8(a; — 4 
gg-f- 7 ar^+ 12 a? 

— 4ar*— 18a;— 8 

— 4a:2L.28a; — 48 



i0a;+40 

a;+ 4)ar»+7a;+12(a;+3 

3a;+12 
3a;4'12 

=a:* + 6a;» + 3;ir» — 26a;— 24 

SECOND SOLUTION. 



:i. 



ar»4. 5a;+ 4 = (a;+4).(a;+l) ' 
a;»+ 2a;— 8 = (a; +4) (a; — 2) V Art. 102. 
x"-^ 7a;+12 = (a; + 4)(a; + 3) I 

ar*+6a:» + 3ar»— 26 a; — 24=(a; + 4)(a;+l)-(a; — 2)(ar + 3) 

(6.) 

FIRST SOLUTION. 

aJJ_4a2)a:*_j_2aar* + 4a»a;-f 8a»(a; + 2a 
a^ — 4 a* a; 



2aa^-|-8a2a;+ 8a» 
2aa^ — 8a» 



8a2a;4^16a» 

a; + 2«)a:8w-4a2(a: — 2a 
a r^4-2q a; 

— 2aa; — 4a' 

— 2aa: — 4a2 
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(g« — 4o«)(a:'+2aar' + 4a«a; + 8a») 

=(«— 2a) (ar»+2aa:«+4a««+8a») =:a^— 16 a*. 
a:*— 2aa:«+4a«x— 8a»)a^— 16a* (a:+2a 

a^— 2aa:» + 4a»g^— 8a*a ? 

2aar»— 4a«a5« + 8a»a:— i6a* 
2aa;»— 4a»a:»+8a»a: — 16o* 

(ai*— 16a*)(x»— 2aa:*+4o«g— 8a«) ^ ^ 

a:» — 2aa:» + 4a«x-.8a» — a^— Iba. 

SECOND SOLUTION. 

a:«— 4a«=(x— 2a) (a:+2a) 
aJ+2aa:« + 4a«a:+ 8a»= (a; + 2a) (a:» + 4a«) 
a:»_2aa:»+4a»a?— 8a» = (a;— 2o) (a:«+4a«) 

a^— 16a*=(x— 2a) (x +2a) (a:«+4a«) 



4. 



FRACTIONS. 

REDUCTION OF FRACTIONS. 

CASE L 

(Art. 129, pp. 67-69.) 

bSbrn^a^ 14ma^X45ma;* 14 ma^ 

76&m a* 19X46ma* ~ 19 ' 

19al^cd(^ hXl9abcd^ b 



76 a»&cdc»~ 4 aV X 19 a ftcde»""4a»€*' 

6q*-{-5flg — 6a;* (8 a — 2 ar) (2 a + ^ ^) Sa — 2x 

6a"+13aa:+6a*""(Sa+2x) (2a + 9x) 8a + 2«' 
C? — 7* _ (f-^s* _ 1 

a* — a^~(a«— a*) (a» + a;0 ""«•+«•' 

a*— y* _ (a^+^y*+^)(^— y^ _ ^+^y*+y* 

a^ — y*~" (a:*-hj/*)(a-— /) "" a:* + y* " 
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2 a*— 16a? --6 _ 2(a:» — 8x--3) 
3x»— 24a:— 9 8 (a:* — 8a? — 8)" 



flt-|-(a-|-fe)Qa?-|-&a;« _ (g + x) (q* + ft x) _ a + x 
a* — 6«a* ~(a«— 6x)(a« + 6x)""a«-.6x' 

ax* — 6x*+* x*(a — 6x) a?» 

a*6x — 6* a:" 6x(a + &x)(a — 6x) 6x(a + ^*) 



10. 



~6(a + 6x)' 

-- 6a?-|-2 _ " fex+2 _ 1 

26 + (6» — 4)x — 26a*~"(6-.2x) (2 + ftx)~6 — 2x 

CASE n. 
(Arts. 130, 131, pp. 69-71.) 

2. ^^(a: + ,)(x»-x,+jg|^ 

8. Ans. l-f-^^* 

4. H^:ziHM=(i0a^_5a:+3)-5x=2:p-l + ±. 

fl»^x»4-y _ ( g— j?)(fl« + qx + x «)+y 
g — X g — X 

= a« + aa? + a:« + ^— ^. 

OQ 

6. «— 3)2a:«+5 (2x+6 ' 



X— 8 
2 a:*— 6a? 



6a:+ 5 
6a;— 18 



7. ^ = ^zziH^+i)^^+^+i. 

X — 1 X — 1 ' ' 

8. 2a--«+l)4x«-2a: (^- g^J^.i 

4^— 2£+2 
— 2 
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^ HI* (m*—n*) + 3 (m*-— m n«) m\m*-^n^ (ni»^n^ + Sm(m?—n*) 

13. Ans. a^f/^z. 

1^ l^fP =«:»(« + *)(«-*)' = «• (a«-8«)(«-6) 

^, i£^^|;;i^^:zl)l' = 5.(._i)+3(.-i) 

= 5a:^ — 2a: — 3. 

CASE m. 
(Art. 132, pp. 71, 72.) 

^ , ft* — cd an + b* — cd 

' n n 

4n«+5a _ 56a? — (4n*+5a) _ 56a; — 4n' — 5q 
^. /x g _ ^ — g . 

4 Ans ^^-"^ + ^ 
m 

5. a + 6 r-r = — ' h-r = — r-r- 

' a-^b a + ft a + ft 

"I" 26c "■ 2ftc ~ 26c 

8a« — 26«_4a« — 3a«+26« a«4-26« 

!• iB O "— — — — — — . — —.——————, 

2a 2a 2a 

a + 6 a-|-6 a + 6 
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10. tx? fx ^^(^ — ^) — ^--^^+^3? — 9a?4-8a;« 
a?— 2 X— -2 

_ a»— 2a;»--8a? a: (a:* — 2 g — • 8) 

a; — 2 ar— 2 

CASE IV. 

(Arts. 133, 134, pp. 72-76.) 

2 3x 8a?Xar(6 — c) 3&x^~-8ca:* 

y yXx(h — c) bxy — cxy' 

4wi 4mXy(f> — c) 4 bmy — Ac my 

X xXy(p — c) bxy — cxy 

q aXxy axy 

b — c (b — c) Xxy bxy — cxy 

o aft, b* be y bd 

3. a = ^; b=zp c = — i d=^. 

4. The least common multiple of 6 a and 4 is 12 a. 

12a.4-6a=2s.(^^+^>i<i = '^'"+'>. 
• 6aX2 12a 

' 4X3a 12 a , 

g :^y_ — gyX(— 5<0 _ 25dy 
7bx 7bxX(r-5d) —36bdx' 

Be 8cX (— 5) X 7ftx --105ftca? 

d "■ dx(— 5)X 76a: "" — 866da?' 

4 4X 7fta:<f 285<fa? 

— 6 — 6X 7bxd~—B5bdx 
6. The least common multiple of a-^byC — J, and a^ — J^, is 

<^(g — t) 

~ a'— J»* 

(a —ft.; ^ (o-j6) _ a+ft . (a_ J) X (a +6) " ^:::f- 
^„» w\ _.- /-»« w\ — 1 . <^^Xi _ g'y 



3 



• 
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7. The least common multiple of 1 — x, (1 — x}l^ and (1 — «)• 
ig(l_a:)». 

_ oyCl— x)' 

- (l-x)« • 

ag*(l— ar) 

10. 10«^i+5 = 2«»J; ^3^2^=3^^. 
10a«J^aJ=10a; »-fl^« = ?^. 

ADDITION OF FRACTIONS. 



2. 



(Art. 135, pp. 76-77.) 

4a , fl--8 16a I 7a— 21 _ 23a — 21 

7 "T" 4 ~ 28 "*" 28 "~ 28 ' 



o - ,8a — l,4n+2 24m,9a — 8,8n + 4 

_ 24m + 9a + 8n + l 
~ 6 
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5'»"3'2 80 ' 80 "*"80 

189 a — 8 . 

g 8 , 8 8o — 8ft ,8a + 3 b 6a 

^ 8a;* , - , 2aa: , , 3ca;* , 2a6x 
6. a -. + ft J = a 4- ft r 1- -7 — 

, , ,' 2afta; — 3ca:* 
= a+ft4 . 

7 2 4- ^+^ 4. g — ft _ 2<^ — 2 y , a'+2aft-|-ft « 

"• a — 6'T"a-|-ft— a« — ft« "*" a* — ft« 

■ a* — 2aft + ft» 4a« 

"'" a«--ft« — rfC:^- 

8 1-f-a? , l—x _ l+g* . 1— a:» 

_ 2 

— l+a;«-|-a;4- 

9 8_o4-l g— i_ 8ft' — 8 a »ft + oft+q* + q 
' a ft— i 6-j-i— aft« — a ' alf'—a 

a^b — ab — c^ + a _ 8ft> — 2o«ft — 2a — 8 
a6* — a ^ aft* — a 

1AOIOI ,2a: 8a: ^, 18a: 40a: 
10. 2a + 3a-t-a-H =:6aH 

— 6 _ — 
~ 45 * 

11 a+ft ft + c c+a 

' (ft — c)(c — a) ~ (c — a) (a — ft) ^ (a — ft) (ft — c) 
_ (a + ft)(a-5) (ft + c)(ft-0 

"■ (a — &) (ft — c) (c — a) "T" (a — 6) (ft— c) (c — a) 

, (c4-a)(c — g) _ o« — y-|-y~c^ + c« — fl^ 

^"(a — ft) (ft — c) (c — a)~ (a — 6)(ft — c)(c — a) 

•» =0. 



(a — ft) (ft— c) (c'-^d) 



82 KEY TO HIGHER ALGEBRA. 

12. j = t,c(b-^c) ^ 

a((u-^lb) (a — c) dbc(d — b) (a — c) (b — c)' 

1 — ac(a — c) . 

6(6 — c) (6 — a) ~ ^c(a — 6)(a — c)(6 — c)' 

1 a6(fl— 6) 

c(c — dX(c — 6) abc(a — 6) (a — c) (6 — c)' 

Adding these three fractions, we obtain 

yc — ftc« — Q«c + qc«-f-a'6 — g6» 
a 6 tf (a — 6) (a — c) (6 — c) 

a^c{c?b — a 6^ -|- 6^ c — 6 c* —"a* c -|- a c^ « ^ ^' 
SUBTRACTION OF FRACTIONS. 
(Art. 136, pp, 77, T8.) 

2. 
3. 
4. 

5. 



Ix Ax 49a; 20a: 29a; 
5 7 35 35 35' 




% 2 2a-f2 2a — 2 


4 


a — I a + i a*— 1 a*-— 1 


~a«-l- 


8a — 26 2a — 46 15a6— 106^ 


Qac — 126c 



Sd 56 156(7 156c 

15a6 — 6ac — 106« + 126c . 

s= —-T ' > Ans. 

156c ' 

g + y ^ '^—y ___ ^-\-^xy^f g' — 2a?y + 2/^ '4gy 

x—^y x-\'y a:*— y z*-*-y* a^—y^' 



6. 3a-a+-^ + -^=2a.+ -. 

7.- 7a: — a:+ ^ = Gx + -^ 

= 6a;-|-a-|-- 



6 6 "•" « 6 

6' 



g Q«.f 2a6.f y fl^— 2a6 + y _4a6_ 
a6 'a6 at 

6 ~a "r-^— ojr — aj(a_ft)a " a6(a — 6)^' 
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10. 



ab(a^by ah(a-'by~ ab(a — by 

_ q4_2o«y+&* _ 4a»y _ 4ab 
ab(a-^by "" a 6 (a — 6)« "^ (a — 6)«* 



24 



2(x+l) 10 (a:— 1) 5(2x+8) 

_ 25(a; — 1) (2x+3) (a:+l) (2a;+8) 

— I0(a;* — l)(2x-]-8) 10 (x*— 1) (2a; + 3) 

48 (x*—!) 



10(x» — 1) (2x + 3) 



50x'4-25x— 75--(2x* + 5x-f 3) — (48x*--48) 
10(x«— l)(2x + 3) 

20x — 30 2x — 3 



" I0(x*— l)(2x+3) ~ (a;»— 1) (2x + 3)* 

MULTIPLICATION OF FRACTIONS. 

(Art. 137, pp. 79,80.) 



3fl5x« 5xf _ 15ab2?f _ ]_ . ^ 
Say" '^ 3a6x^~15a«6x'y»~ a' 

K m -|- n m -J- » (m-^ny m*-{-2m n-^-n* 

' M^ ^+y ~ (^ + y)' "^ x' + 2xy + y 

4x-f2 5x _ 2(2x+l) 5x _ lOx 

3 ^2x+l"" 3 ^2x+l~" 3* 

g 2x — 1 3x + l _ (2x— 1) (3x+l) ex*— X— 1 

* x+2 ^ X — 3 ~ (x4-2)(x — 3) "" a* — X — 6 

11. Cancel the common factor (a — b). 
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(12.) 

FIRST SOLUTION. BBOQNS SOLUTION. 

^-1 + h 



+ 1 +1 



1« ^ f^ _a^i/' _af"» 

"• i^MfSx(..;fii-.) 

_ (l+x)(l-x) (l+y)(l^y) _J^ _ l--y 
~ 1+y ^ a:(l+a:) ^ 1— a:~ « ' 

DIVISION OF FRACTIONS. 
(Arts. 138-140, pp. 80-88.) 

7rr? , 3^ 7^ 13 _j 91m» 

"F"^ 13 "^~2" '^ Fw«~ 6n«* 

a:y '^ xy xy o^'^ 

. 3a;4-i 4a; 3a;4-l ^^ 3 3a:+l 1 

3g+l 

12a? ' 
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Jx — 1 ' x+1 ~2x— 1 ^ ""2" ~2x — 1 ^ 1 



= = , Ads. 

2a: — 1 ' 



^ 2a + 5 ^ 8a + 26 _ 2q + & 4fl4-& 

8a— 26 * 4a + 6 ~ 3a— 26 ^ 8a+26 

_ 8q«-f-6q6 + 6« .. 

— 9a« — 46» • 

a;* — 2a:y + ^ * x — y (a?— y)(a:— y) x(a: + y) 

J^ 

r* 

g 9g*— 4y« ^ 8a ? — 2 y __ (3a? + 2y) (8ar — 2y) - 
a: + y * s^—y^ x + y 

Q ^^'^—^ _^ 2ag 2a — 6 86 — 1 

4ac ' 86— 1~ 4ac ^ 2ac 

_ 6q6— 2a — 8y+6 

10 /_^J._^\^/__? 6 \_a? + y . a' + 6« 

^"- V^a+6"^a — 6/ * \a — h a-\-h)~ a^^h" ' a^^V" 

_a« + 6' a»-y_ 

— rf^fti ^ a* + 6^~ 

1\ a;»— 1 . a;»4-l _g' — 1 



„. (^_ •).(« + !) = 



X "^ ^ (:^+l)(^-^^ + ^-0 ^^ ^ 



a^+l~ a?* -^a^ + l 

x' ' X a:*' 

The division may also be performed without reducing the mixed 
quantities to fractional forms, as follows : 
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* + : 



J 1 1 



ar* + a:« 



— a:* — ar* 

— a:« — «« 



a;* 
— a:2_i 



«« — ar* 
a:» + ar« 



12. 



14. 



15. 



16. 



17. 






— ar* — a:-* 
— ar« — ar* 



1 
? 



1_ 
a:* 



c — 6 



c«+y— c»+y c»+y 

— 5c«) c + ft c«-^y _ c«+2ftc + y 

V+y 'c— ft + c*— y~ &--i^ "• 



c + 6 

_2(yc 



^y-y 
V— y 



_ 2(yc— &c«) 



X 



c> — y _ 6c(6 — c) 
2(c« + 6c+y) ~ c« — 5c + y 



c»+y 
><c* + 6c + y~ y-|-yc«-f c*' 



a 



rx' 



m-|-» (m + w)^ ftw-)-ft»' 

aA — laH — lew ,, 

'c \ c/ acn-f- on 

m / m\ cnx — cm 

X ix ) c n 



3»i — n 



X a:X3 3a: * 

7f 7|X4 
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""S — X 3 — x~3— -x 8 — a?' l 

«+i4-«±i 

1 1X4 4 4 



90 l-a-^-5^ (l-a-'-y^)Xa'a^y^ 

^"* 1— arV' + a:-«— (1— aj-V' + ^'^^Xa'^'y" 

~ a^3^y^ — a^ + a^xf 



SIMPLE EQUATIONS. 
TRANSFORMATION OF EQUATIONS. 

(Art. 151, pp. 86, 87.) 

4. Ans. 4a:+12a; = 25 — 9. 

(Art. 152, pp. 87, 88.) 

2. Multiply by 6. 3. Multiply hjhen. 

'4 Multiplyby^c. Ans. a 5a; -f-^* — ac=icx-\'d, 

5. Multiply by 24. 6. Multiply by hde. 
7. Multiply by 16. 

SOLUTION OF EQUATIONS. 
• (Art. 155, pp. 89-92.) 

5. Given 12 a:— 3iir — 2a: = 63 

Uniting terms, 7 .-c = 63 

Dividing by 7, a; = & 
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6 Given a;_f _|_13 = |_L40 

Multiplying by 4, 4x — x-f 62 = 2a: + 160 

Transposing, 4 a: — x — 2 a: =160 — 62 

Uniting, a; =108 

7. Given 7x-|-2a;= 12a: — 36 
Transposing, 7a: + 2a: — 12 a: = — 36 
Uniting, — 3a; = — 36 
Dividing by — 3, a: = 1 2, Ans. 

8. Given . | + ^=i^-|-22 

Multiplying by 60, 12a:+5a:= 6a:+1320 

Transposing, 12 a: + 5a:— 6a:= 1320 

Uniting, * 11 a: =1320 

Dividing by 11, x = 120 , 

9. Given — ==5 + c 

Multiplying byx, a = 5a;-|-cx 

Transposing, — hx — ca:=: — a 

Ch. signs (Art 151), hx-\'CX^=ia 

Factoring, (ft -j- c) a: = a 

Dividing by ft-}"^> 



6 + c 

10. Given a; — y + 20 = y + ~ + 26 

Mult, by 28, 28a:— 4a: + 560= 14a: + 7a: + 728 

Transpo8ing,28a:— 4a: — 14a: — 7a: = 728 — 560 
Uniting, 3 a: =168 

Dividing by 3, a: = 56 

11. Given 3a: + ^+15 = |+41 
Multiplying by 4, 12a: + 3a:+ 60 = 2a:+ 164 
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Transposing, 12a: + 3a:—2a;= 1(54 — 60 

Uniting, 13 a: =104 

Dividing by 13, a: = 8 

12. Given a;— ^^±^ = 8 

o 
Multiplying by 6, 6 a — 4 x — 8 = 48 

Transposing and uniting, 2 a: = 56 

Dividing by 2, a; = 28 

13. Given 21 + -^^ = — g- + — ^— 

Mult, by 16, 336 + 3a:— 11 = lOar— 10 + 776 — 56a: 
Transposing,3a;—10a:+56a; = 776 — 10 + 11 — 336 
Uniting, 49 a? = 441 

Dividing by 49, • x = 9, Ans. 

6a: — 4 8a: + 4 ^^ 8a: + 8 

Multiplying by 30, 

510a:— 50x+40— 48 a;— 24 =600 a:— 45 a:— 120 — 150 
Transposing, 

510a:— 50a:— 48a:— 600a+45a: =— 120 — 150 + 24 — 40 
Uniting and ch. signs, 143 a: = 286 
Dividing by 143, a:= 2 

15. Given aar^+ia: = ma:" + 7ia: 
Dividing by a:, ax-\-b:=:m a:+» 
Transposing, ax — mx = n — b 

Dividing by a — w, x = 

16. FIRST SOLUTION. 

Given a-^ar^ = b'-\^c-\-dx~^ 

Multiplying by a;, aa: + l =&a: + ca: + ^ 
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Transposing, ax — bx — cx = d — 1 
Dividing by a — b — c, a;= , 

SECOND SOLUTION. 

Given a-}-a:~^ = 6 + c-)-c?a:~^ 

Transposing, a:"^ — dx~^'=-b-\-c — a 

Dividing by 1 — rf, ar" ^ = y_ . 

Taking reciprocals, 



b-\-c — a 
d — \ 



Changing signs, ^ — a _» 5 __ c 

i« r^' 2(4a;+3) , 8 ^ 

17. Given ^ 7\ ^ -\ j-r = 8 

a;-j-3 ' x-\-\ 

Clearing of fractions, 

8a:^+14ar+6 + 3a: + 9 = 8ar^ + 32'a: + 24 



Transposing and uniting, 


— 15a: = 9 


Dividing by — 15, 


x = -l 


Given 


X . hx 1 
4 3 6 


Multiplying by 12, 


3a: — 48 = 20x— 14 


Transposing and uniting, 


— 17ar = 34 


Dividing by — 2, 


a: = —2 


Given 


aa; + 5 = ^4-6-i 



Multiplying by a 6, €C-bx-\-ay^z=Lbx-\-a 

Transposing, . (j^bx — bxz=ia — ab^ 

Factoring, 6 (a^ — 1) x = a (1 — ^) 

Dividing by b (a^- 1), x = J^^ 

20. Given i.2a: — '2i^7^^ = .4ar + 8.9 

Multiplying by 50, 60 a: — 1 8 x + 5 = 20 a: + 445 
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Transposing and uniting, 22 a: = 440 

Dividing by 22, • ar = 20 

21. Given (a-\-x) (b-\-x) — a(b+c)=z^ -{-a^ 
Expanding, ab~\~ax-\-bx-\'X^ — ab — ac = — -f-aJ* 
Transposing, etc., ax-\-bx:=-^ -^ac 
Factoring, (a^b)x=^^:t^ 
Dividing by a -J- 5, a? = — 

22. Given = w — c 

he 

Multiplying by 5 c, Sex — bx=:bc(m — c) 
Dividing by 3 c — b, x= v^ "~" ^^ 



23. Given 



4x-\-3 . 7g— -29 8a;+19 

9 '6a: — 12 18 



Multiplying by 18, 8a:+ 6 + ^^^=^ = 8ar + 19 

rr. ' A '.' 126 ar — 622 ,. 
Transposing and uniting, - =13 

Clearing of fractions, 126a? — 522 = 65 a; — 156 

Transposing and uniting, 61 a: = 366 

Eiividing by 61, a: = 6 

24. Given — ^ Ix — j = 7 

Mult, by 36, 63a;+81— 36a:4-8a:— 4 = 252 
Transposing and uniting, 35 a: = 175 

Dividing a: = 5 

^. (o — b)x . X ah , 

25. Given S— ^+-^= — + a 

4* 
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Mult, by 12, e(a—b)x-\-ix = Sah+12a 
Dividingby6(a_ft) + 4, ^ = ^^^^±JL 

26. Given 4.owc-~ *"' ~^'-= 1.6a:4-8.9 

Multiplying by 50, 240 a; — 72 a: + 5 = 80 a: + 445 
Transposing and uniting, 88 a; = 440 

Dividing by 88, a: = 5 

27. Given —r ^ = a — b 

c 

Multiplying by bcy 

ac — ex — ^ab-^-bx^zabc — b^c 

Transposing, bx — ca;=4a6 — ac-^-abc-r^l^e 

^. ... , , 4a6 — ac-^-abc — 5*c 
Dividing by 6 — c, a: = ~- 

28. Given -+- = — 

a b ^ e ac 

Multiplying by a 6 c, bcx — acx-\-abx = 2b 

2b 
^ Dividing by 6c — ac-^-ab, x= — — — tt-X 

29. Given 



ab*-ax^^ be — bx ac — ax 



Factoring, -j^^ + ^]-^^ = ^-^^ 

Multiplying by a 5 {b — x) (c — x), 

b(c — x)-^a(b'--x) = b{b — x) 
Or, be — bx-^ab — ax = b^ — bx 

Transposing, etc., ax = ab — b^-^bc 

Whence, ^^bja-b+c) 

' a 

30. Given (a: — f) {x+i) — (x — 5) (a: + 3)— ^ = 

Expanding, ar« — ar— V' — ^^+ 2 a:+ 15 — ^ = 



SIMILE EQUATIONS. 



43 



Whence, 

Transposing and uniting, 



— a; + 2a: 4.15 — 27=0 

07=12 



PROBLEMS 

LEADING TO SIMPLE EQUATIONS CONTAINING ONE 
UNKNOWN QUANTITY. 

(Art. 160, pp. 93-101.) 
7. 



8. 



10. 



Let 


X — value of chaise. 


and 


2x = value of horse. 


Their sum, 


x4.2x = 336 


Or, 


3x = 886 


Whence, 


X — 112, value of chaise. 


Then, 


2 a: = 224, value of horse. 


Let 


X = no. oxen, 


and 


2 a; = no. cows. 


Then 


55 x = value of oxen. 


and 


64 ar = value of cows. 


Their sum. 


119 a: =1428 


Whence, 


xz= 12,- no. oxen. 


Then, 


2 a; = 24, no. cows. 


Let 


X = first number, 


and 


a: + 3 = second number. 


By the conditions, (ar + 3)^ — ar^ == 5 1 


Or, 


ar^+6a: + 9— a:«=51 


Transposing 


and uniting, 6 a: = 42 


Whence, 


a: = 7, first number. 


Then, 


a: -]- 3 = 10, second number. 


Let 


X = each son's share. 




2 ar = each daughter's share, 
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and 

Then, 

and 


6 X = the wife's share. 

4 X = two daughters' share, 

8 X — three sons' share. 


By the conditions,. 6 a: +4 a: -J- 3 a: = 1872 

Or, 13 a: = 1872 

Whence, x = 144, each son's share. 

Then, , 2 a: = 288, each daughter's^ share 

Also, 6 a: = 864, wife's share. 


11. Let 
and 


X = no. days he labored, 
36 — X = no. days he was absent 


Then 


— = sum rec'd for labor. 


and 


— ^^ = sum forfeited by absence. 

2 ' 


T^v thp rondition^^ — — 


36-x_ 


Clearing of fract, 5x — 

Or, 

Whence, 

Then, 


2 — ^' 
72+2x=68 
7x = 140 
X = 20, days labored. 
36 — X = 16, days absent. 


12. Let 

and 


X = the value of the saddle, 
,x-|- 114 = the value of the horse. 


By the conditions, § ( 

Clearing of fractions, 2 

Or, 

Whence, 

Then, 


x + 114) = 7x . - 
x + 228 = 21x 
19x = 228 

X = 12, value of saddle, 
x-j- 114 = 126, value of horse. 


13. Let 


X = the number. 


Then, 


'7'=» 


Clearing of fractions, 
^ Whence, 


a;_7 = 30 

X = 37, the number. 
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14. 



15. 



I. Let 


X = no. artillery soldiers, 




2 X = no. cavalry soldiers. 


and 


25 aj = no. infantry soldiers. 


Their sum, 


28 a: =2744 


Whence, 


X = 98, no. artillery. 


Then, 


2 X = 196, no. cavalry. 


Also, 


25 X = 2450, no. infantry. 


K Let 


X = side of the square, 


and 


x^ = area of the square. 


By the conditions. 


(a, + 6)(x-4)=«« 


Or, 


a?+2ar— 24 = a:» 


Transposing, etc., 


2a; = 24 


Whence, 


a:=12 


Then, 


a:* = 144, the area. 



16. Let X = no. miles by water, 

— = no. miles on foot, 

2x 
and -=- = no. miles on horseback. 



4 X 2 x 
By the conditions, x + -7- + -t- =- ^^^^ 

Clear. of fract, 35x + 20x+14x= 106260 

Or, 69 X = 106260 

Whence, x = 1540, no. m. by wi».x3r. 

4x 
Then, — = 880, no. m. on foot. 

2x 
Also, — = 616, no. m. on horseback 

17. Let X = value of estate at first. 

5x 
Then — 760 = value after first change. 

5x 



By the conditions, -j 7 60 -|- 600 = 2000 
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Or, 

Dividing by |, 

18. Let 

Then 

and 

The whole income, 

Clearing of fractions, 

Or, 

Whence, 

Then, 

Also, 

19. Let 
Then* 

a:— 1 



and 



ax 



bx 



^ = 2160 
x = 1728, orig. value of est 

X = whole sum. 
X liiy = income at 5 per cent, 



"5" X T^TS = income at 6 per cent 

o 

if +£^ = 180 

160 * 80 

3a:+ 6a: = 28800 
9 a; = 28800 
X = 3200 

-— = 1200, sum at 5 per cent 

o 
5 X 

-— = 2000, sum at 6 per cent 

o 

X = no. eggs at first 
— -— = no. after first sale, 



i = — - — = no. after second sale, 

jp g ^ 7 

— ^ ^ = -— — = no. after third sale. 



X— 7 



= 



By the conditions, 

Or, 

Whence 

20. Let 

and 

By the conditions, 9a?-f- 13 (40— ar) = 40 X 10 

Expanding, 9 a? rf 620 — 13 a; = 400 

Or, 4a: =120 

Whence, x =: 30, no. bushels at 9 s. 

Then, 40 — a: = ^10, no. bushels at 13 s. 



X— 7 = 

X = 7, original no. of eggs. 

X = no. bushels at 9 s., 
40 — X = no. bushels at 13 s. 



SIMPLE EQUATIONS. 
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21. Let 
Then, 
Or, 
Whence, 

22. Let 
Then, 

Clearing of fractions, 

Or, 

Whence, 

23. Let 

Then 



z = the number. 
3a;+12 — 54=144— 3a: 
6a; =186 
0? =: 31, the number. 



z: 
5a:— 60 



: the sum B had. 

X 

I 2 

10a: — 120 = 5a; 
5a: = 120 
z =: 24, B's sum. 

z = no. dollars in the purse. 



and 
fiy the conditions, 
Or, 



- — 16 = A'b share, 
I + 13 = B's share. 



x = |-15 + j + 13 + 27 
- = 1 + 1 + 25 

Clearing of fractions, 4a: = 2a: + a:-f-100 

Transposing and uniting, z = 100, whole amount. 

24. Let 3 a: = A's distance, 



and _ 


5 a: = B's distance. 


Then, 8 


a:4.5a:=120 


. Or, 


8a: = 120 


Whence, 


a: = 15 


Then, 


3 a: = 45, A's distance. 


Also, 


5 X = 75, B's distance. 


25. Let. 


a; = the first digit, 


and 


z — 4 = the second digit. 


Then 


10 z-^-z — 4 = the number. 


By the conditions, 


lla;-4_ 

23: — 4 ~ 
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Clearing of fractions, lloj — 4 = 14a: — 28 

Transposing, uniting, etc., 3 x = 24 



26. 



27 



28. 



Whence, 




a = 8, first digit. 


Then, 




X — 4 = 4, second digit. 


Also,. 




11a: — 4 = 84, the number. 


). . Let 




x = no. acres bought 


Then 




180 

— » = cost per acre. 


and 




= am t rec d per acre. 


By the conditions, 


180 , 

X ■" 


180 ^ 240 _ 180 
X ^100x~x — 2 


Or, 




1 , 12 _ 1 
X +6a;*~a;--2 


Clearing of fract. 


5a^— 


10a?+12x — 24 = 6a:a 


Transposing and uniting, 


2a: = 24 


Whence, 




a: = 12, no. acres. 


Let 




7 X = A's share. 


and 




8 X = B's share. 


Then, 




15 x= 1000 


Whence, 




X = 66§ 


Then, 




7 X = 466§, As share. 


Also, 




8 X = 533 J, B's share. 


\. Let 




X = the sum let. 


Then 




— - = 1st amount, 

441 X „ - 

-j^ = 2d amount. 


and 




9261 X ^ , 
8000 =^^^^o^^^ 


lly the conditions, 


'Zr=^»">-2'> 



SIMPLE EQUATIONS. 
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Clearing of fractions, 
Whence, 

29. Let 
Then 

Multiplying by 8, 
Tmnsposing and uniting. 
Whence, 

30. Let 
Then 

By the conditions, 

Clearing of fractions, 

Or, 

Whence, 



9261 X == 18522000 

X = 2000, sum let 

X = the cost of each. 

2 
8a; — 8 = 4a;+3 

4a:=ll 

X = 2|, cost of picture. 

X = no. days req. by B alone. 
- = part B does in a day. 



X ^^ 10 7 



70+7x=10a: 
3x = 70 
X = 23^, no. days req. by B. 



31. Let X = amount given each man, 

and 8 — a: = amount given each woman. 

Then, 5a: + 7 (8 — a:) = 46 

Or, 5a: + 56 — 7ar = 46 

Transposing, uniting, etc., 2 a: = 10 



Whence, 

Then, 

Also, 



32. 



Let 

Then 



x = 5 

5 a; == 25, ami; rec'd by the men. 
7 (8 — a;) = 21, am't rec*d by the women. 

X = value of 1st farm. 
|(a;+183) = value of 2d farm. 



By the conditions, — ^ U 183 = —^ 

Clear, of fract., 56a:+ 10248 + 13176 = 117 a; 
Transposing, uniting, etc., 61 a; = 23424 

Whence, x = 384, value of 1st farm. 

Then, J (« + 183) = 441, value of 2d farm. 

5 
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33. Let X = no. hours after 6. 

Then x = no. hour spaces passed over by hour hand, 

and , 12 a: = no. hour spaces passed over by min. hand. 

Therefore, 12 a: — a? = 12* 

Or, 11 a: =12 

Whence, a: = 1^^, no. hours after 6. 

1^ hours = 1 h. 5^ m. ; 6 h. -|- 1 h. 5^ m. = 7 h. 5^ m. 

34. Let X = the time, when all are opened. 
Then - = part emptied by all in 1 m. 



Therefore, i + i^ + A=l 

Mult, by 1200, 15a:+6a;+4x= 1200 
Or, 25 a: =1200 

Whence, x = 48, no. minutes required. 

35. Let 9 a; = no. leaps by the fox, 

and 6 X = no. leaps by the greyhound. 

Then JX6a;=14a: = no. fox's leaps in the whole distance 

passed over by the greyhound. 
Therefore, 14a:=9ar+60 

Or, 5a;=60 

Whence, a: =12 

Then, 9 a: = 108, no. leaps by fox. 

Also, 6 a: = 72, no. leaps by greyhound. 

36. Let one man be x times as strong as one boy. 
Then, 7a: + 3 = 9a; — 9 

Or, 2a: =12 

Whence, a: = 6 

* It is evident that the minute-hand must move once round the dial, or 12 hour 
spaces, more than the hour-hand, before they can again be opposite to each other. 
(See Key to Elementary Algebra, pp. 76, 77.) 
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37. Let a: = the first part, 

and 43 — a: = the second part 

By the conditions, — r-^ = 17 — (43 — x) 

Clearing of fractions, etc., x — 20 = 51 — 129-}-3x 
Or, 2a: = 58 

Whence, x = 29, first part. 

Then, 43 — a: = 14, second part. 

38 Let X = the no. of yards start, 

1 mile =: 1760 yards; 2m. 54s. = 1748. 
Then ^j^ = 10 = rate of loser per sec 

By the conditions, a: + 10 X 174 = 1760 

Or, X = 20, no. yards start 

39. Let X = no. oz. gold, 
and 4160 — a: = no. oz. silver. 

Then -=-lH = ?f={"Vr^Sd,''^' 

Hence, if + !!!^- = 250 

Clear, of fract, 12 a; + 91520 — 22 a; = 57750 

Or, 10 a; = 33770 

Whence, x = 3377, no. oz. gold. 

Then, 41 60 — x=: 783, no. oz. silver. 

40. Let x = no. hour^A must work, 

and 7 — a; = no. hours B and C must work. 

Then ^ = part A does in 1 hour, 

^ — ^ = ^^ = part C does in 1 hour, 
and I X /^ = A = P^^ ^ ^^3 ^^ 1 hour. 

By the conditions, ^ -f (^^ -f ^^) (7 — a:) = 1 
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a: ,49 — 7a: - 

Clearing of fractions, 2a:-|-49 — 7a: = 24 
Or, 6x = 25 

Whence, • x = 5, A's time. 

5 o'clock -|- 5 h. = 10 o'clock. 

41. Let X 2= his annual expenses. 

. Then | (5120 — x) = capital at end of 1st year, 

6 /25600 — 9a:\ .^ , ^ , ^^, 

J 1 i = capital at end of 2d year, 

6 /12800O — 61ar\ .^ , . , ^qi 

J i 1 = capital at end of 3d year, 

_ 5 /640000 — 869a;\ .^ , ^ a c ui. 

and - 1 g7 j = capital at end of 4th year. 

Hence. |(?l£2«p££5j3^5 

^ 640000 — 369 a: ^^- 
^^' 256 = ^^^ 

Clearing of fract., 640000 — 369 a: = 1 67680 

369 a: = 472320 

ice, X = 1280, annual expenses. 
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SIMPLE EQUATIONS 
CONTAINING TWO UNKNOWN QUANTITIES. 

(Art. 169, pp. 107-109.) 

3a:-f7y = 33 (1) 



^- ^^^^° - 2x+4y = 20 (2) 

From (1), by transp. and divis., x = — - (3) 

• O / 

20 4 y 

From (2), by transp. and divis., x = — - — - (4) 

Combining (3) and (4), by Ax. 7, 5^izlif = ^^^zll (5) 

Clearing of fractions, 60 — 12^=66-^14^ 

Oi^ 2y=6 

Whence y = 3 

Substituting value of y in (4), x = ^^^^ = 4 
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7. Given 




7«+2y = 89 
Sx— 4y= 7 




(1) 
(2) 


Multiplying (1) by 2, 




14a; + 4y = 78 




(3) 


Adding (2) and (3), 




17a: = 85 






Whence, 




x=5 






Substituting value of x in 


(1). 


35-f 2y = 39 






Or, 




2y=4 






Whence, 




y = 2 






8. Given . 




6a!— 3y = 27 
4a!— 6y = — 2 




(1) 
(2) 


From (1), 




y = 2a!— 


-9 


(3) 


Substituting value of y in 


(2), 


4a!— 12a! 4-54 = —2 




(4) 


Or, 




8a: = 56 






Whence, 




a! = 7 






Substituting value of a: in 


(3), 


y = 14— 9 = 5 






9. Given 




|7a!+3y= 62 
\5x—2y= 36 


0) 
(2) 




Multiplying (1) by 2, 




14a:-f 6y=124 


(8) 




Multiplying (2) by 3, 




15 a! — 6;/ =108 


(4) 




Adding (3) and (4), 




29 a: = 232 






Whence 




x= 8 






Substituting in (1), 




56 + 3^= 62 






Or, 




3y= 6 






Whence, 




y= 2 






10. Given 




; 12a;+8y=116 
: 2a!— y= 3 




(1) 
(2) 


From (2), 




y = 2a!— 


"s 


(3) 


Substitutmg in (1), 


12a; -flGa;— 24=116 




(4) 


Or, 




28 a! = 140 






Whence, ^ 




x= 5 






Substituting in (3), 




y=10 — 3 = 7 






5» 
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11. Given 


lla: + 3y = 124 
2ar— 6y = — 56 


(1) 
(2) 


Equation (1), 


lla: + 3y = 124 




Dividing (2) by 2, 


ar_3y = — 28 


(3) 


Adding (1) and (3), 


12a: = 96 




Whence, 


a: = 8 




Substituting in (1), 


88 + 3y=124 




Or, 


3y = 36 




Whence, 


y=12 




12. Given 


3a: + 2y = 26 


0) 
(2) 


Multiplying (2) by 3, 


9a:+6y = 78 


(3) 


Equation (1), 


9x-\-iy = 5S 




Subtracting (1) from 


(3), 2y=20 




Whence, 


y = 10- 




Substituting in (2), 


3a: -f 20 = 26 




Or, 


3a:= 6 




Whence, 


a:= 2 




13. Given 


6a? + 5y=112 

[ Sx — 2y= 80 


(1) 

(2) 


From (2), 


y = 4a: — 


-40 (3) 


Substituting in (1), 


6 a: + 20a: — 200 = 112 


(4) 


Or, 


26x = 312 




Whence, 


x= 12 




Substituting in (3), 


y=48 — 40= 8 




14. Given 


7a; — 25^ = — 6 
2a;+2y = 24 


0) 
(2) 


Adding (1) and (2), 


9a:=18 


(3) 


Whence, 


x= 2 




Substituting in (2), 


4 + 2^^=34 
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Or, 2y = 20 

Whence, y==10 

15. Given j 6.+ lly=115 (1) 
( 8a? — 22y=: — 30 (2) 

Dividing (2) by 2, 4 a: — 1 1 ^ = — 15 (3) 

Equation (1), 6a;+lly = 115 

Adding (1) and (3), 10 a: = 100 

Whence, a:= 10 

Substituting in (1), 60 + lly = 115 

Or, 11 y= !)5 

Whence, y = 5 



16. Given 



2a:+ 3y = 47 (1) 

lOar — 12y=: — 62 (2) 

From(l), y = ^-^ (3) 

From (2), y=5^ (4) 

By Ax. 7, 5_Hi31 47--2X 

Clearing of fractions, Sar+^l = 94 — 4a; 
Or, 9a; = 63 

Whence, x= 7 

Substituting in (3), y = ^^~"^^ = 11 



17. Given 




(5) 



(1) 

(2) 

Clearing (1) of fractions, 3 a; — 2 5^ = (3) 

Clearing (2) of fractions, 3a; + 25^ = 72 (4) 

Adding (3) and (4), 6 a; = 72 

Whence, . a? =12 
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Subtracting (3) fron 


'W, 


4y = 72 




Whence, 




y=18 








V-y=" 


(1) 


18. Given 










ions, 


■ .+?= 87 


(2) 
(3) 


Clearing (1) of fract 


3x—5y= 55 


Clearing (2) effractions, 


5x4-y=185 


(4) 


From (4), 




y=185— 5a: 


(5) 


Substituting in (3), 


3a:- 


-925-f-25a:= 55 


(6) 


Or, 




28 a: = 980 




Whence, 




x= 35 




Substituting in (5), 


9- 


= 185—175= 10 








(lf_?J? = 2' 


(1) 


19. Given 




} 1 3 






( a:+7y=175 


(2) 


Clearing (1) of fractions. 


12x— 14y = 42 


(3) 


From (2), 




a;=:175 — 7y 


(4) 


Substituting in (8), 


2100- 


_84y— I4y=42 


(5) 


Or, 




98 y = 2058 




Whence, 




y = 21 




Substituting in (4), 


Z: 


= 175—147 = 28 




20. Given 




(¥-1= ■» 


(1) 






(3a:-f3y= 126 


(2) 


Clearing (1) of fractions, 


63a:— 8y= 1368 


(3) 


Dividing (2) by 3, 




a:-|-y= 42 


(4) 


From (4), 




y = 42 — a: 


(5) 


Substituting in (3), 


63 a 


— 336+8a:=]368 


(6) 


Or, 




71 a: =1704 




Whence, 




X— 24 




Substituting in (5), 




y=42 — 24= IB 
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21. Given - 

Clearing (1) effractions, 
Multiplying (2) by 84, 
Subtracting (3) from (4), 
Whence, 

Substituting in (2), 
Whence, 

22. Given 

Clearing (1) effractions, 

Clearing (2) effractions, 

From (4), 

Substituting in (3), 5360 

Or, 

Whence, 

Substituting in (5), 

23. Given 

Multiplying (1) by a', 
Multiplying (2) by a. 
Subtracting (3) from (4), 

Wlience, 

Multiplying (1) by V^ 
Multiplying (2) by 5, 
Subtracting (8) from (7), 

Whence, 



Ux+ ^ = 38 
a; + 12y= 146 



84a; + 5y: 
84a?+1008y: 



; 228 
12264 



1003 y: 
a; + 144: 



12036 

12 

: 146 

2 



7y 
10 



^-T# = -20 



[:-+3.= 



= 134 



10a; — 49y: 
ar+12y: 



:— 1400 
536 



— 120y— 49y: 
169y: 

y- 

a;=536 — 480: 



(1) 

(2) 
(3) 
(4) 



(1) 

(2) 

(3) 

(4) 

:536 — 12y (5) 
:— 1400 (6) 

:6760 

:40 
:56 



a X'\-h y'='C (1) 

dx^Vy=.c' (2) 

c^ ax-\-d hy zzza! c (3) 

a' ax-^al/ y =1 ac' (4) 

{aV — c^h)y = ac' — a!c (5) 

aVx'\-yhy = Vc (7) 

c^hx-\-Vhy = hc' (8) 
{aU — a'h)x = l/c — hc' 
V c — he 
ah — a 
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T = Wl 



54- y. 



bx — ay = 

rfaj-f-cy : 

hex — acy = 

adx-\-act/ z 



24. Given 

Clearing (1) effractions, 
Clearing (2) of fractions, 
Multiplying (3) by <?, 
Multiplying (4) by a, 
Adding (5) and (6), 

Whence, 

Multiplying (3) by d. 
Multiplying (4) by b, 
Subtracting (9) from (10), (ad-^bc)y: 

Whence, y • 



: abm 
: cdn 
: abcm 
: acdn 



{ad-^bc)±=.abcm'\-acdn 
abcm-\-acdn 



bdx — ady : 
bdx-\-bcy : 



ad'\-hc 
: abdm 
: bcdn 



(1) 

(2) 

(3) 

(4) 
(5) 
(6) 
(7) 

(8) 

(9) 
(10) 



: bcdn — abdm 

bcdn — abdm 

ad'\-bc 



25. Given 



1-12=1 + 8 



H-y 



•1-8 



2y — a; 



+ 27 



Transposing and uniting in (1), 



4 = 20 

4 



Clearing (3) effractions, 
From (2), *+^ 



' X 



2a?— y = 80 



6 ' a: 4 

Clearing (5) of fractions, 

12a;+12y+20a:-.30y+15a: = 2100 

Uniting terms, 47 cc — 18^^ = 2100 

From (4), y = 2a: — 80 

Substituting in (7), 47 x— 36 a; + 1440 = 2100 

Or, lla:=660 

Whence, a: = 60 

Substituting in (8), y = 120 — 80 = 40 



(1) 

(2) 

(3) 
(4) 
(5) 

(6) 
(7) 
(B) 
(9) 
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SIMPLE EQUATIONS 

CONTAINmG THREE OB MORE UNKNOWN QUANTITIES. 

(Abt. 170, pp. 109-112.) 







{3x— y — 2e= . 


(1) 


3. Given 




J 6a:+2y-f3«z= 45 


(2) 






(iot + Sy— z= 31 


(3) 


Multiplying (1) by (3), 




9a; — 3y— 6«= 


(4) 


Adding (3) and (4), 




13a; — 7«= 31 


(5) 


Multiplying (1) by 2, 




6a; — 2y — 4z= 


(6) 


Equation (2), 




6a:+2y4-3«= 45 




Adding (2) and (6), 




12a:— «= 45 


(7) 


Multiplying (7) by 7, 




84 a: — 72 = 316 


(8) 


Equation (5), 




13a:— 7«= 31 




Subtracting (5) from (8), 


71 a: = 284 




Whence 




xz= 4 




Substituting in (7), 




48 — «= 45 




Whence, 




z= 3 




Substituting in (1), 




12— y— 6= 




Whence, 




y= 6 




^ f 


Sx- 


-9y — 7« = — 36 


(1) 


4. Given < 


12x- 


- y — 3z= 36 


(2) 


I 


6x- 


-2y— z= 10 


(3) 


From (3), 




a=6x — 2y— 10 


(4) 



Substituting in (1), 

8x — 9y — 42a;+14y + 70 = — 36 (5) 

Substituting in (2), 

12x — y—lSx-\-6f/ + B0=z 36 (6) 

Reducing (5), 34 a: — 5 ^ = 106 (7) 

Reducing (6), — 6a?4-5y=: 6 (8) 

Adding (7) and (8), 28 x = 112 
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Whence, 




x= 4 






Substituting in (8), 




5y— 24= 6 






Or, 




5y = 30 






Whence, 




y= 6 






Substituting in (4), 


ZZL 


= 24 — 12 — 10= 2 










I 7x+ 4y— z = 


78 


(1) 


5. Given 




< 4a: — 5y — 3« = 


— 21 


(2) 






.( X — 3y — 4» = 


— 37 


(3) 


Multiplying (1) by 4, 




28a;-t-16y— 42 = 


312 


(4) 


Subtracting (3) from 


(4), 


27a:+19y = 


349 


(5) 


Multiplying (1) by 3, 




21a!+12y— 32 = 


234 


(6) 


Equation (2), 




4a:— 5,y — 3z = 


— 21 




Subtracting (2) from 


(6), 


17a:4-17y = 


255 


(7) 


Dividing (7) by 17, 




x-\-yz= 


15 


(8) 


Multiplying (8) by 19, 


19x4- 19y = 


285 


(9) 


Equation (5), 




27a:+19y = 


349 




-Subtracting (9) from 


(5), 


8a; = 


64 


(10) 


Whence, 




x = 


8 




Substituting in (8), 




- 8+y = 


15 




Whence, 




y = 


7 




Substituting in (1), 




56-4-28-2 = 


78 




Whence, 




j'a:-|-y=«30 


6 


(1) 


7. Given 




Jx-f2 = 25 
iy-f2=15 




(2) 
(3) 


Subtracting (3) from 


(2), 


a:— y=10 




(4) 


Equation (1), 




x-)-y = 30 






Adding (1) and (4), 




2a; = 40 






Whence, 




a: = 20 






Subtracting (4) from 


(1). 


2y = 20 
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Whence, 

Substituting in (3), 
Whence, 

Note. The above equations may also be solved by the use of «, as in the 
sixth example. 



y-=io 

10 + 2 = 15 

2= 5 



fSx — 4y = 24 — z 
8. Given ^ 6a^+ !/ = 2^+84 

( x-{-SO=Sy-\-iz 
Adding (1) and (2), 14 a: — 3 y = 108 

Multiplying (1) by 4, 32 a: — 1 6 y = 96 — 4 2 



Equation (3), 
Adding (5) and (3), 

From (6), 
From (4), 

By Ax. 7, 

Clearing of fractions, 

Or, 

Whence, 

Substituting in (8), 

Substituting in (1), 
Whence, 



X— 3^^ = — 80-f 4g 
33 a:— 19^=16 

83ar— 16 

^~ 19 

14 a; — 108 
y = ^— 

83a;— 16 14a;— 108 



0) 
(2) 
(3) 
(4) 
(5) 

(6) 
(7) 

(8) 

(9) 



19 ~ 3 

99 a: — 48 = 266 a; — 2052 (10) 
167 x = 2004 
a: =12 

168 — 108 



y- 



3 



= 20 



96 — 80 = 24 — 2 



9. Given 



Multiplying (1) by 48, 
6 



^1-1+1=^2 (2) 
1+1-1 = 17 (3) 



24a: + 16y— 12^= 1104 (4) 
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Multiplying (2) by 24, 8 a; 
Multiplying (3) by 36, 9 x 



— 6y+122: 
+ 18y— 12g: 



288 (5) 
612 (6) 



Adding (5) and (6), 


17a:+12y= 900 


(7) 


Adding (4) and (5), 


32a:-|-10y = 1392 


(8) 


Multiplying (7) by 5, 


85x+60y = 4500 


(9) 


Multiplying (8) by 6, 


192a;+60y = 8352 (10) 


Subtracting (9) from (10), 107 x = 3852 




Whence, 


x= 36 




Substituting in (7), 


612 + 12y= 900 




Or, 


12y= 288 




Whence, 


y= 24 




Substituting in (5), 


288—144+122= 288 




Or, 


122= 144 




Whence, 


2= 12 






'3m+ a; + 2y— 2= 22 


(1) 


10. Given 


4a:— y + 32= 35 


(2) 




4t«_]_3a;— 2y = 19 


(3) 




2w. +4^ + 22= 46 


(4) 


Multiplying (1) by 3, 


9w + 3a:-f-63^ — 32= 66 


(5) 


Equation (2), 


4a:— y + 32= 35 




Adding (5) and (2), 


9M + 7a: + 5y = 101 


(6) 


Equation (1), 


3tt+ a:+2y— 2= 22 




Dividing (4) by 2, 


u +2y-|- 2= 23 


(7) 


Adding (1) and (7), 


4m+ a: + 4^ = 45 


(8) 


Multiplying (3) by 2, 


8«4-6a:— 4^ = 38 


(9) 


Adding (8) and (9), 


I2w + 7a: = 83 


(10) 


Multiplying (3) by 5, 


20w+15a: — 10y= 95 


(11) 


Multiplying (6) by 2, 


18M+14a:+10y= 202 


(12) 


Adding (11) and (12), 


38w + 29a: = 297 


(13) 


Multiplying (13) by 6, 


228 w + 174 a: =1782 


(14) 


Multiplying (10) by 19, 


228 w+ 133 a: =1577 


(15) 



Subtracting (15) from (14), 



41 a: = 205 
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Whence, 




x= 5 




Substituting in (10), 




12m + 35 = 83 




Or, 




12« = 48 




Whence, 




w= 4 




Substituting in (3), 




16 + 15 — 2y=19 




Or, 




2y=12 




Whence, 




y= 6 




Substituting in (7), 




4 + 12 + « = 23 




Whence, 




z= 7 








( a = y-\-z 


0) 


11. Given 




}hz=X-^Z 


(2) 






(c=ar+y 


(3) 


Subtracting (1) from 


(2), 


X — y = b — a 


(4) 


Equation (3), 




x-\-y = c 




Adding (3) and (4), 




2x — b-\-c—a 




Whence, 




• x = ^{b+c-a) 




Subtracting (4) from 


(3), 


2y — c — b-\-a 




Whence, 




y = H« + «-6) 




Substituting in (1), 




a = ^(a-|-c — h)-\-z 


Whence, 




«=*(«+*-«) 





Note. The above equations may also be solved hy subtracting each equation 
from half the sum of the three. 

{4:x—^y = a + iz (1) 

6y — 2ar = a + 2« (2) 

7z— y = a-\-x (3) 

Dividing (2) by 2, —x-\-3y — z = ^a (4) 

Dividing (1) by 4, x — i/—'Z = ^a , (5) 
Equation (3), — x — y-\-7 z = a 

Adding (4) and (5), 2y — 2z = | a (6) 

Adding (3) and (5) _2y+ 6« = | a (7) 
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Adding (6) and (7), 

Whence, 

Substituting in (6), 

Or, 

Whence, 

Substituting in (5), 

Whence, 



Az = 2a 

z = ^a 

2y — a = |a 

2y = ia 

x — ia — ^a = ^a 
x'=.^-a 



13. Given 



Multiplying (3) by 3, 
Equation (2), 
Subtracting (2) from (5), 
Multiplying (6) by 9, 
Multiplying (4) by 3, 
Adding (7) and (8), 
Whence, 

Substituting in (6), 
Whence, 

.Substituting in (3), 
Whence, 

Substituting in (1), 
Or, 
Whence, 



f2x + 2ij+ z= S5 — 2u (1) 

y + 3z= 31 (2) 

4:x+ zz=z 32 (3) 

^x + 3y= 23 (4) 

12x+3zz= 96 (5) 

y 4-3g= 31 

l?a:— y= 65 (6) 

108a: — 9^ = 585 (7) 

x-^9y— 69 (8) 
109 a: =654 
X = 6 
72 — y= 65 

y= 7 

24 + 2:= 32 
2= 8 
12 + 14 + 8= 35 — 2w 
2m =' -1 



PROBLEMS 

LEADING TO SIMPLE EQUATIONS CONTAINING TWO 
OR MORE UNKNOWN QUANTITIES. 



(Pp. 112-119.) 



4. 



Let 
and 



X = A's age, 
y = B's age. 
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65 



By the conditions. 


!+¥="* 


(1) 


and 


¥-¥='«* 


(2) 


Clearing (1) of fractions, 


3a; + 10y = 290 


(3) 


Clearing (2) of fractions, 


35 a: — 16^ = 730 


(4) 


Multiplying (3) by 8, 


24ar + 803^ = 2320 


(5) 


Multiplying (4) by 5, 


175 a; — 80y = 3650 


(6) 


Adding (5) and (6), 


199 a; = 5970 




Whence, 


X = 30, A's age. 




Substituting in (3), 


90-\-Wy = 290 




Or, 


10y=200 




Whence, 


y = 20, B's age. 




. 5. Let 


X = the numerator. 




and 


y = the denominator. 




Therefore, 


- = the fraction, 

y 




Then, 


"^=1 ' (^) 




and 


,;i=i (2) 




From (1), 


3a:— y = — 3 (3) 




From (2), 


4x— y = l (4) 




Subtracting (3>from (4), 


x=i 




Substituting in (3), 


12-j, = — 3 




Whence, 


y=15 




Therefore, 


X 4 

- = — , the fraction. 

y 15 




6. Let 


X = no. oxen, 




and 


y = no. cows. 




Then, 


a;+y = 89 


0) 


and X — 4- 


-(y— 20) = 7 


(2) 
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From (2), 


x—y = —9 


(3/ 


Equation (1), 


a;+y = 89 




Adding (3) and (1), 


2a; = 80 




Whence, 


X = 40, no. oxen. 




Subtracting (3) from (1), 


2^=^98 


• 


Whence, 


^ = 49, no. cows. 




7. Let 


^ x = A's property, 




and 


y = B's property. 




Then, 


7a: + |=990 


(1) 


and 


^ + 7^^ = 510 


(2) 


Multiplying (1) by 7, 


49 a: +5^ =6930 


(3) • 


Multiplying (2) by 343, 


49 a: + 2401 y= 174930 


(4) 


Subtracting (3) from (4), 


2400^ = 168000 


(5) 


Whence, 


y = 70, B's property. 


Substituting in (3), 


49 a; + 70 = 6930 




Or, 


49 a; =6860 




Whence, 


aT=140,A's] 


property. 


8. Let 


X = A's age. 




and 


y = B's age. 




Then, 


S^-f+5 = 6 ' 


(1) 


and 




(2) 


From (1), 


-a; + 7.y = 7 


(3) 


From (2), 


5aT— 14^^ = 280 


(4) 


Multiplying (3) by 2, 


-■2a:+14y=14 


(5) 


Adding (4) and (5), 


3ar = 294- 




Whence, 


X = 98, A's age. 




Substituting in (1), 


3^—14=1 




Whence, 


y = 15, B's age. 
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9. Let 


X = the larger part, 




and 


y == the smaller part 




Then, 


x-\-y=:50 


(1) 


and 


3x 2y 


(2) 


From (2), 


9x=z 16y 


(3) 


Or, 


«=? 


(4) 


Substituting in (1), 


i^'+y=» 


(5) 


Clearing of fractions, 


16^ + 9^=450 


(6) 


Or, 


25y = 450 




Whence, 


y = 18, smaller part. 




Substituting in (4), 
10. Let 


16 y 18 




a>= the man's age, 




and 


y =z the wife's age. 




Then 


yix :: 3:4 


(1) 


and 


y+12:a:+12 :: 5 : 6 • 


(2) 


From (1), 


dx=:4y 


(3) 


From (2), 


5a:+60 = 6y + 72 


(4) 


Or, 


5a;— 6^=12 


(5) 


From (3), 


Sx 


(6) 


Substituting in (5), 


5«-¥ = .. 




Clearing of fractions. 


lOa — 9a: = 24 




Whence, 


X = 24, man's age. 




Substituting in (6), 


y= 1^ = 18, wife's age. 




11. Let 


X = no. days he labored. 




and 


« = no. days he was absent. 
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Then, 


a;+y=10 


(1) 




and 


12x — 8y = 40 


(2) 




Dividing (2) by 4, 


3a; — 2^=10 


(3) 




Multiplying (1) by 2, 


2ar + 2y = 20 


(4) 




Adding (3) and (4), 


5a; = 30 






Whence, 


X = 6, days labored. 






Substituting in (1), 


6 + ^ = 10 






Whence, 


y = 4, days absent. 






12. Let 


X = price of chaise. 




and 


y = price of horse 






Then, 


x + y = 20S 


(1) 




and 


4a;_ 2y 
7 ~ 3 


(2) 




Clearing (2) of fractions, 


12x=14:y 


(3) 




Whence, 


• -¥ 


(4) 




Substituting in (1), 


^+y = 208 


(5) 




Clearing of fractions. 


7y+6^ = 1248 






Or, 


13y=1248 






Whence, 


y = 96, price of horse. 




Substituting in (4), 


7 y 96 
X = — - — = 112, price of chaise 


• 


13. Let 


X = A's loss, 






and 


y = B's loss. 






Then, 


« = 2y 




0) 


and 


240 — a: = 3(96— y) 




(2) 


From (2), 


3y — a; = 48 




(3) 


Substituting 2i/ for x, 


3y — 2y=48 




(4) 


Or, 


y = 48, B's loss. 






Substituting in (1), 


»= 2 X 48 = 96, A's loss. 
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14. Let 


X = time required by A, 


and 


y = time required by B. 


Then, 


x^y 10 


(1) 


and 


x^ y 


(2) 


Dividing (2) by 4, 


1 + 5 = L 
x^ y 4 


(3) 


Multiplying (l) by 5, 


5,5 _ 1 

x'^ y ~ 2 


(4) 


Subtracting (3) from 


w. \=\ 




Whence, 


x = 16, A's time. 




15. Let 


X = no. bush, at 60 c, 


and' 


y = no. bush, at 90 c. 


Then, 


x-\-y== 40 


(1) 


and 


60x+90y= 40X80 


(2) 


Dividing (2) by 10, 


6a; + 9y = 820 


(3) 


Multiplying (1) by 6, 


.6a:+6y=240 


(4) 


Subtracting (4) from 


(3), 3y = 80 




Whence, 


y = 26§, bush. 


at 90 c 


Substituting in (1), 


a: + 26f = 40 




Whence, 


X — l^, bush. 


at 60 c. 


16. Let 


X = no. bushels wheat, 


and 


y = no. bushels rye. 


Then, 


7a; — 4y = 3 


(1) 


and 


a::y :: 3 :5 


(2) 


From (2), 


5x 


(3) 


Substituting in (1), 


7./r=3 


(4) 



Clearing of fractions, 21a; — 20a? = 9 
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Or, 



a; = 9, bushels wheat* 



5X9 



Substituting in (3),^ y = -^ = 15, bushels lye. 



17. Let 


X = income tax, 




and 


y = assessed tax. 




Then, 


x-\-y=ibO 


(1) 


and 


¥ + T' = ^2i 


(2) 


Multiplying (2) by J, 


2a; + y = 70 


(3) 


Equation (1), 


a; + y = 50 




Subtractmg (1) from (3), 


x = 20, income tax. 




Substituting in (1), 


20+y = 50 




Whence, 


y = 30, assessed tax. 




18. Let 


X = A's original stock. 




and 


y =: B's original stock. 




Then 


— =: A's accumulated stocK, 




— x = A's profit, 




and 


3:4-200 ^, 

—^ — = B's profit. 


• 


By the conditions, -/ — x- 




f^+/^^ = 200 


(1) 


and 


.:^::^_,:- + 200 


(2) 


Clearing (1) of fract, 5 y — 


■6a; + a: + 200 = 1200 


(3) 


Or, 


5y — 5x= 1000 


(4) 


Dividing by 5, 


y — x= 200 


(5) 


From (2), 


a^+200x 5y^ 

6 = 6 ^y 


(6) 


Clearing of fractions. 


ar" -(- 200 « = 5 j^ — 6 xy 


(7) 


From (5), 


a; + 200 = tf 


(8) 
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Dividing (7) by (8), 


x = 5y — 6a; 


(9) 


Whence, 


-¥ 


(10) 


Substituting in (5), 


y^^ = 200 




Clearing of fractions, 


7y — 5y=1400 




Or, 


2y = 1400 




Whence, 


y = 700, B's stock. 


Substituting in (10), 
19. Let 


5 X 7Q0 _ . „Q j^ ^ 


X = no. cents. 




and 


y = no. oranges. 




Then 


X 

- = pnce per orange. 

9 




By the conditions. 


X X \ 


(1) 


and 


y—S y^2 


(2) 


Clearing (1) of fractions, 


2xy = '2,xy-{-l0x—y^—f>y 


(3) 


Clearing (2), of fractions. 


2xy = 2xy— Gx+y"— 3y 


(4) 


From (3), 


10x = y»+5y 


(5) 


From (4), 


6a; = y'— 3y 


(6) 


Subtracting (6) from (5), 


4x=8y 


(7) 


Whence, 


a: = 2y 


(8) 


Substituting in (6), 


12y = y' — 8y 




Or, 


y« = l5y 




Dividing by y, 


y = 15, no. oranges. 




Substituting in (8), a;=2 X 15 =30, no. cents. 




20. Let 


X = price of first. 




- 


y = price of second. 




and 


zz=z price of third. 
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Then, 

and 

Multiplying (3) by 3, 

Equation (1), 

Subtracting (1) from (4), 

Multiplying (3) by 4, 

Equation (2), 

Subtracting (2) from (6), 

Subtracting (5) from (7), 

Whence, 

Substituting in (5), 

Or, 

Whence, 

Substituting in (3), 

Or, 



21. 



Then, 



Let 



and 



and 

Subtracting (3) from (1), 

Or, 

Whence, 

Subtracting (2) from (1), 

Or, 

Whence, 

Substituting in (1), 

Whence, 



3a:+4y.+ 22^ = 60 

4« + y+ 52; = 59 

a;_j-.10y+ 3z = 90 

3a: + 30y+ 9^ = 270 
3a:+4y+ 2« = 60 . 



26y+ 7z: 

4.x +40y+12«: 

4a: + y4~ ^^' 



39y+ Izz 
13y: 

y = 

182 + 7^: 
7z: 

Z Z 

a: + 70 + 12: 



= 210 
= 360 
= 59 

= 91 

= 7, price 2d. 

= 210 

= 28 

: 4, price 3d. 

= 90 

= 8, price 1st. 



(1) 

(2) 
(3) 
(4) 

(5) 
(«) 



(7) 



X = value of harness, 
y = value of better horse, 
z = value of poorer horse. 



X-\-Z: 
X-{-1/: 



:120 

Sz 



(1) 
(2) 
(3) 



2;= 120 — 3 2; 
42^=120 

z == 30, value of poorer horse. 

y = 120 — 2y 
3y=120 

y == 40, value of better horse. 
ar+40 + 30 = 120 

X == 50, value of harness. 
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22. Let 

Then, 

and 

Clearing (1) of fractions, 
Clearing (2) of fractions, 
Clearing (3) of fractions, 
Subtracting (4) from (5), 
Multiplying (5) by 4, 
Equation (6), 
Subtracting (6) from (8), 
Multiplying (7) by 8, 
Adding (9) and (10), 
Whence, 

Substituting in (9), 
Or, 

Whence, 

Substituting in (3), 
Whence, 



X, y, and z 
~ 2 



represent the numbers. 
= 34 (1) 



3 



= 34 



= 34 



2x-^y + z: 

^+8y+«: 

a; + y + 4«: 

— aJ+2y: 

4x+12y+4«: 

a;+y+42f: 



68 
102 
136 
34 
;408 
186 



3a: + lly: 
— 8x+6y: 



17 y: 

8aj + 242: 

Sx: 

x: 

z + S: 

zz 



(2) 

(3) 

(4) 
(5) 
(6) 
(7) 
(8) 

(9) 
(10) 

:374 

: 22, 2d number. 

:272 
:30 

: 10, 1st number. 

:34 

: 26, 3d number. 



272 

:102 



28. Let X — if = digit in hundreds' place, 

X = digit in tens' place, 
and a; -)-y = digit in units' place. 

Then 100 (a— y) + 10a;+x+y= Ilia:— 99y= the number, 
and 100(a;4-y) + 10a:-l-a5 — y = llla?-4-99y=i the number, 
with digits inverted. 



By the conditions, 
and 



lllx — 99y+396 = llla: + 99y (2) 
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Transposing and uniting in (2), 198 y =± 396 

Whence, y = 2 

Clearing (1) of fractions, 74 a; — 66 y = 41 x 

Or, 33a:=66y 

Whence, a: = 2y = 4 

Therefore, 111 a; — 99 y = 246, the number. 



24. 



Then, 



Let 



and 



X = A's properly, 




y = B's property, 




* = C's property, 




to = B's property. 




«+y+« + «'= 14000 


(1) 


2ar+3y + 1 + 1 = 16000 


(2) 


a: + 2y+2*+^=18000 


(3) 


l+l+!+l=^«o 


(4) 


(1), ar+^= 10000 


(5) 



and 

Subtracting (3) from 2 times (1), 
Clearing (4) of fractions, 30a?+ 20y+ 15 z-\-12w= 240000 (^6) 
Multiplying (1) by 20, 20a:+20y+20«+20«; = 280000 (7) 
Subtracting (6) from (7), —iOx-\-5z'\-Stf;= 40000 (8) 
Clearing (2) of fractions, 20a: + 30y + 52;+2«;= 160000 (9) 
Multiplying (1) by 30, 30 a: + 30 y + 30 « + 30 m; = 420000 (10) 
Subtractmg (9) from (10)^ 10 a: + 25 i? + 28 m; = 260000 (11) 
Multiplying (8) by 5, — 50 a+ 25 «+ 40 ta = 200000 (12) 

Subtracting (12) from (11), 60 a:— 12 «; = 60000 (13) 

Dividing (13) by 12, 5x—w = 5000 (14) 

aearing (5) of fractions, 5 a: + 8 «; = 50000 (15) 

Subtracting (14) from (15), 9w = 45000 
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Whence, w = 5000, D*8 prop. 

Substituting in (5), 05+8000 = 10000 

Whence, x = 2000, A's prop. 

Substituting in (8), — 20000 + 5 « + 40000 = 40000 

Or, 5« = 20000 

Whence, z =*4000, C's prop. 

Substituting in (1), 2000 .+y + 4000 + 5000 = 14000 

Whence, y = 3000, B's prop. 



25. Let 


a: = no. A's turkeys, 




and 


y = no. B's turkeys. 




Then, 


a: + 5=y — 5 


(1) 


and 


^(5^+15) =a: — 15 


(2) 


Clearing (2) of fractions, 8y + 45 = 7a:— 105 


(3) 


Or, 


7«— 3y=150 


(4) 


Multiplying (1) by 3, 


Sx — 3y = — 30 


(5) 


Subtracting (5) from 


(4), 4 a: =180 




Whence, 


X = 45, A's number. 




Substitutmg in (1), 


y— 5 = 45 + 5 




Whence, 


y = 55, B's number. 




26. Let 


100=^'*™*®' 




and 


— = 2d rate. 
100 




Then, 


SQOOOa: 20000y ^^ 
100 100 =^^^ 


(1) 


and 


35000y 24000a; g,^ 


(2) 




100 100 — **^" 


From (1), 


Sa — 2y = 8 


(3) 


From (2); 


— 24x+35y = 31 


(4) 


Multiplying (3) by 8, 


24x— 16y = 64 


(5) 


Adding (4) and (5), 


19y = 95 
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Whence, 


y = 5 




Substituting in (3), 


3a: — 10 = 8 


, 


Or, 


^8x=18 




Whence, 


a:=6 




Hence the first rate is 


Thfi 0^ ^ P®^ ^^^9 ^^ ^^ second rate 


is yj^, or 5 per "cent. 






27. Let 


X :=: A's money, 
y = B's money. 




and 


« = Cs money. 




Then, 


-^+4^ = 55 


(1) 




tf 1 *+* — 60 


(2) 




y 1 3 — *»" 


and 


.+i±-'=» 


(8) 


Clearing (1) of fractions, 


2a:+y + «=110 


(4) 


Clearing (2) of fractions, 


* a: + 3y + «=150 


(5) 


Clearing (3) effractions, 


a:+y + 5«=250 


(6) 


Subtracting (5) from (6), 


— 2y+4«=100 


(7) 


Multiplying (6) by 2, 2 a: + 2 y + 10 » = 500 


(8) 


Subtracting (4) from (8), 


y+9«==390 


(9) 


Dividing (7) by 2, 


— y + 2»=z 50 


10) 


Adding (9) and (10), 


11« = 440 




Whence, 


2j = 40, C's. 




Substituting in (9), 


5^+360 = 390 




Whence, 


y = 30,B's. 




, Substituting in (5), 


a: + 90 + 40 = 150 




Whence, 


X = 20, A's. 




28. Let 


X = oldest son's share, 
y = second son's share, 
z = third son's sl^are. 




and 


w = youngest son's share. 
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Then, 




• y+l+-=. 


(1) 






8 ~y 


, (2) 






x+y + v.^^ 


(3) 


and 




X— m; = 14 


(4) 


From (1), 


2x — y — z — w = 


(5) 


From (2), 




X — Sy-^z-{'W z=:0 


(6) 


From (3), 




x-j-y — 4« + M7 = 


(7) 


Adding (5) and (6), 




3a: — 4y = 


(8) 


Whence, 




3a: 


(9) 


Subst in (5) and reducing, 


5x — iz — iv> = 


(10) 


Subst. in (7) and reducing, 


7x — 162-|-4w = 


(11) 


Muhiplying (10) by 4, 


2( 


)x — 16«— 16w = 


(12) 


l^ubtractmg (11) from 


(12)7 


13a;-^20w = 


(13) 


Multiplying (4) by 20, 




20 a;— 20 w = 280 


(14) 


Subtractmg (13) from 


(14), 


7a: =280 




Whence, 




X — 40, Ist share. 


Substituting in (9),' 




y=i^ = 80,2dshare. 


Substituting in (4), 




40 — w = 14 




Whence, 




to = 26, 4th Hhfl,re. 


Substituting in (10), 




200 — 4«— 104 = 




Or, 




4« = 96 




Whence, 




■« = 24, 3d share. 


Therefore, 




«+y + «+ w =: 120, whole 


! sum. 


7* 
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GENERAL SOLUTIOM OF PROBLEMS. 

(Art. 172, pp. 119-123.) 

3. Let X represent the number of hoars required. Then 
-, J-, -, will represent the fractional part of the whole cistern 

filled by each pipe, respectively, in 1 hour, and — tlie part filled 
by all the pipes running together. 

Therefore, ^ + ^ + -. = - 

Clearing of fract, hcx-{'acx-^abx=2 ahc 
Factoring, etc, (a5-|-ac? + 5c)x = ahc 
Whence, x = -^--j ;-=-, na hours. 

. ahc 2X5X10 ,„^ -, , 

4. -T-i rr- = ^A ■ OA ■ KA = W = li> ^o. hours. 

ah-^-ac-^-hc lO-J-SO-J-SO ®" *' 

6 ^ « _ 800 X 820 _ _ 

na _ 500X820 = xjj^oj^ = 100, B's share. 



TO+n+;) ~ 800 + 600+800 ' 

pa 800X820 ^ ^n« no ^ ^ ipO, C's share. 

TO + n + p 800 + 600 + 800 ^^ •' 

7. Let m :» and n x represent the parts. 
Then, .wa: + »a5 = a 



Whence, 



a 



' m-^n- 



Therefore, mx= — ; — , Ist part. 

' m-\-n' ^ 

Also, nx= — i — , 2d part. 

8. Let X = no. days second travels, 

and a; + n = no. days first travels. 
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Therefore, 




hxz=za{x-\'n) 


Or, 




bx = ax-\-na 


Transposing, 


hx — ax^=z na 


Whence, 




X = ^ — , no. days required. 


9. 

• 


Let 


x = the principal - 


Then, 




, TiX 

^+100=« 


Clearing of fractions, 


100a; + r^a;=100a 


Whence, 






^ — 100 -j-r^' pruiwprti. 


10. 


Let 


a? = the number of beggars. 


Then, 


' 


aa5T.-ft = ca: + rf 


Or, 


{ 


ax — ca: = ft-f~^ 


Whence, 




x-=.—^ — 
a—c 


11. 


Let 


: 

" X = number of years. 


Then, 




t) \ ""^""^a 


^ • 100 — "* 


Or, 




rpx 
100 =«-^ 


Whence, 


* 


^_100(a-;>) 
rp 


12. 


Let 


X = no. pieces 1st kind. 




and 


c — a: == no. pieces- 2d ^d. 


Then, 




a ' h 



Clearing of fractions, hx-\-ac — aa; = aft 

Or, hx — ax-=.ah — ac 



Whence, 
Therefore, 



a(fi — c) a(c — h) 



b^a 



a — b 



QC — ab b(a — c) 

* — n —_ ______ — — — i ^ . 



, no. 1st kind. 
, na 2d kind. 
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a 


— & 


~ —10 






bja 
a- 


-c) 
-6 


20X(— 
— 10 


1) 


= 10, no. 2d kind. 


14. 


Let 




X 


= cost of mixture per lb. 


Then, 




(a + b + c) 


X 


= ma-{'nh'\'pc 


Whence, 






X 


a-J-ft+c ' 


16. 


Let 

and 






mtx =:A'8 share, 

n f.x = B's share, 

pf'x=i C's share. 


Then, 




mtx-\'nfx-\'pf'x=i:a 


Whence, 








a 


^"^mt + nf + pr 


Tberefore, 








mta 


^^" — mt+ftt+pf 


And, 










^'^'^ — mt-\-nt-\-pr 


Alsoy 






- 


_y.-_ P<''« 


P^ '^ — «,t + nf+;»r 



INTERPRETATION OF NEGATIVE RESULTS. 

(Art. 181, pp. 126-128.) 

3. Let X = the quantity to be added. 

Then, . 10(8-fa:) = 60 

Or, 10a: = — 20 

Whence, a: = — 2 

Two rods should therefore be taken from its breadth, to make 
the area 60 square rods. 
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4. Let 




- = the fraction. 
y 




Then, 




x+l_4 

y 9 


0) 


and 




X 5 

y+i~8 


(2) 


From (1), 




9a!— 4y = — 9 


(3) 


From (2), 




8x— 5y = 5 


(4) 


Multiplying (3) by 5, 




45x — 20y = — 45 


(5) 


Multiplying (4) by 4, 




32x — 20y = 20 


(6) 


Subtracting (6) from 


(5), 


13x = — 65 




Whence, 




a: = — 5 




Substituting in (4), 


' 


_40 — 6y==5 




Or, 




— 5y = 45 




Whence, 




y = -9 . 




Therefore, 




- = — r, the fraction. 



y 

Hence, if the fraction be taken as f , 1 must be svhtracted from 
the numerator and denominator, respectively, to produce the values 
I and |. 



5. Let 


X == the larger number. 


and 


90 -^a: = the smaller number. 


Then, 


a._(90 — a:) = 120 


Or, 


2a: = 210 


Whence, 


X = 105, larger no. 


Therefore, 


90 — a? = — 15, smaller no. 


If the numbers be taken as 105 and 15, their difference must 


be 90, and their sum 


120. 


6. Let 


, a: = the number of years hence. 


Then, 


50 4-a: = 2(40 + a:) 
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Transposing, ctc^ 2a? — a? = 50-7-80 

a: = — 30, no. years. 
Hence A was twice as old as B 30 years ago. 

7. Let X = B's capital, 

and 3 a; = A's capital. 

Then, ^x^ 2000 = 2 (a: + 750) 

Or, 3a;— 2a;= 1500 — 2000 

Whence, x=z— 500, B's capitaL 

Therefore, Zx:=: — 1500, A's capital. 

Hence it is evident that A's interest in the firm was 3 times as 
great as B's, but that interest was in the form of deU^ and not of 
property, at the first time mentioned. 

8. Let x = the father's daily wages, 

and y = the son's daily wages. 

Then, 14a:+6y = 39 (1) 

and 10a: + 4y = 28 (2) 

Multiplying (2) by f , 15a:+6y = 42 (3) 

Equation (1), 14a:+6yz=39 

Subtracting (1) from (3), a: = 3, father's wages. 

Substituting in (2), 30 + 4 y = 28 

Or, ^y = —2 

Whence, y =z — i son's wages. 

9. Let X = A's daily wages, 

y = B's daily wages, 
arid z = C's daily wages. 

Then, 10ar + 4y + 3« = 23 (1) 

9a: + 8y4-62f=:24 (2) 

and 7a:4-6y + 4«=18 (3) 
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Multiplying (1) by 2, 20 a? + 8 y + 6 » = 46 (4) 

Subtracting. (2) from (4), 11 ar = 22 (5) 

Whence, ' x= 2, A's wages. 

Multiplying (1) by 4, 40a:+ 16y+ 12« = 92 (6) 

Multiplying (3) by 3, 21x+18y+12g = 54 (7) 

Subtracting (7) from (6), 19 a: — 2 y = 38 (8) 

Substituting value of a:, 38 — 2y = 38 

Or, 2y= 

Whence, y z= 0, B's wages. 

Substituting in (1), 20 + + 3 a? = 23 

Or, Sz= S 

Whence, « = 1, C's wages. 

, PROBLEM OF THE COURIERS. 
(Arts. 185, 186, pp. 131-135.) 

3. At 3 o'clock the hands are three hour spaces apart ; hence, 
a = 3. Also, w = 12 and » = 1. 

Whence, t = ^^ h. = ^^ h. = 16^ m., the time after 3 
o'clock. 

4. Here a = 144, m = 12, and « = 4. 

144 144 

Whence, t = = — -- = 18, no. hours. 

A travels 18 X 12, or 216, miles. 
B travels 18 X 4, or 72, miles. 

5. At 12 o'clock the hands are together, and the minute-hand 
must therefore gain 6 hour spaces before the two hands point in 
opposite directions. 

Hence, a = 6, m = 12, and » == 1. 
Therefore, t= j^h,==^h. = S2^m. 
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rNEQUAIilTIES. 

(Art. 198, pp. 137-140.) 

4. Given 5« — 6 > 19 

Transposing and uniting, 5 a; > 25 

Whence, «> 5 

(2x — 5>25 (1) 

5. Given ( 3a: — 7 <2x + 13 (2) 

Transposing and uniting in (1), 2 a; > 30 
Whence, ' a: > 15 

Transposing and uniting in (2), » < 20 



6. Given 



J8a: + 1 > 13— a: (1) 

Ua: — 7<,2x + 8 (2) 



Transposing and uniting in (1), 4 a; > 12 

Whence, a; > 3 

Transposing and uniting in (2), 2 a; < 10 



Whence, 
Therefore, 



ar < 5 
a:=is 4 



J5a: + 8y>46— y (1) 
7. Given |2y-2a: = -8 (2) 



From (1), 
Multiplying (2) by — 2 



5a: + 4y> 46 


4ar— 4y=16 


9x> 62 


x> &% 


5a; — 5y = 20 


5a;+4y> 46 



(3) 
(4) 



Adding (3) and (4), 9x>62 (5) 

Whence, '^ > ^% (®> 

Multiplying (2) by — f, ^*~^y = ^? ^^^ 

Inequality (3), 

Subtracting (7) from (3), 9y > 26 

Whence, y > 2| 

'ilj^dx-cd>^ (1) 

8. Given -5^^_,, + ,,<| (2) 



( 
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From (1), 




ex-{-Sdx> e'-\-3cd 


Factoring, 




(e + 3d)x> (c + 8d)c 


Whence, • 




_x> c 


From (2), 




dx—Scx < <f— 8cd 


Factoring, 




(d—8c)x<: (d—&c)d 


Whence, 




X < rf 


9. Given 




2a: + 8y<67 (1) 
4a:-l-2y = 64 (2) 






Dividing (2) by 2, 




2a: + y = 32 (3) 


Subtractmg (3) from 


(1), 


2y < 25 (4) 


Whence, 




y < I2i (5) 


Multiplying (3) by 3, 




6a; + 3y = 96 (6) 


Subtracting (6) from 


(1), 


— 4a; <— 39 


Or, Art 192, 




4a; > 89 


Whence, 




x>9i 


10. Let 




a; = the number of papils. 


Then, 


2x 


— 7>29 (I) 


and 


Sx 


— 5<2a;+16 (2) 


From (1), 




2a; > 36 


Whence, 




a;> 18 


From (2), 




a; < 21 


11. Let 




X = the number. 


Then, 


3a;4-16> 2a: + 24 (1) 


and 


5 ' 


-1-5 < 11 (2) 


From (1), 




x> 8 


From (2), 




¥<« 


Multiplying by f , 




a? < 15 



85 
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12. 


Let 


a: = the number of sheep. 


Then, 




Bx + 2> 2a; + 61 (1) 


and 




5a: — 70 < 4a;— 9 (2) 




From (1), 


aj> 59 




From (2), 


X <61 



As the number of sheep must be integral, 

3!= 60 



INVOLUTION. 

POWERS OF MONOMIALS. 

(Akts. 203-205, pp. 141-143.) 

9. See Art. 77. 

11 and 28. The sign of the answer is either -|- or — > accord- 
ing as m represents an even or an odd number. 

22. (— 3a!*y-««-i)-» = — 3-»a!-V«*=— A^a^'iV**- 

25. (— 8a»ftar»y-*)"" = 8"'<»"*6-''a:»y'' = 5>iO-*«-»a?y«. 

POWERS OF POLYNOMIALS. 
(Akt. 206, p. 144.) 
1. (a— 6) (a — 6) (a — 6) = o»— 3a»i+3o6»— 5». 
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5. (l_j-o»+J-«)(l + a''+*-«) 

= l_|.2a« + 26-'+o«+2a«fr-«_|_2r«; 

(l4.2tf'4-26-'' + a*+2a«J-»+«r«) (l-j.o«4-ir«) 
= l_|_8a«+8ft-«+3a«+6o»6-»+3J-«+o«+3«»««r« 

4. (a-{-m — n) (a + m — «) 

= «*4-2afn — 2an4-*i««— 2»i« + n». 

6. (a*— a") (o"— a")=a«» — 2o»+"4-a*«; 
(a*»_2ar+"+a*") (rf»— o") 

= a*" — 8a*"+"-f-8a'"+'" — o*"; 
(a»» _ 3 a^'^" + 3 a"*"" — a»") (o* — rf*) 
= a*" 4a«'»+"_j_6a'"+*" 4o'»+'" + <i*". 

6. (a + 6)(a + J)=o«+2aJ+J»; 

(a»+2a6+i») (a + J> = a»+8a«i+3aJ»+8»; 
(a»+3a«6+8ai»4-i«) (a+J) ; 

=a«+4a»6+6a«J»+4aS«+6«; 
(<i«+4a«6+6o*ff'4-4a6»+6«) (a + J) 

= a» + 5a«i+10a»ff'+10a«6»+5a6*+J». 

POLYNOMIAL SQUARES. 

(Art. 207, pp. 146, 146.) 

2. (2««+3a:4-4)'' 

= (2ar^«+2 (2x^ (3a;) +2 (2x^ 4+ (3a:)''+2 (3a;) 4+4" 
= 4a;'4-12a;»4-25a;«-|-24x-|-16. 

8 (2a;*— 3a;+i)> 

=(2a;«)«— 2(2a;^(3a;)+2(2a;«)i+(3a;)«— 2(3x)H-(i)^ 
= 4a;*— 12aJ'+lla;»— 3a; +i. 

5. (a;»+2a;»4-a;+2)'' 

= (aJ^»+2*»(2a;») + 2aJ'a;4-2«»2 + (2a;«)»+2(2aOa; 
+ 2 (2a;«) 2-|-a;»4-2x2 + 2" 
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=a:«+4a:»+6aJ* + 8a:« + 9ar»+4a; + 4. 

6. (1 — 2a: + 8a:2)« 

= 1 — 2 (2a;) +2 (3ar») + (2a;)2— 2 ('2a:) (Sx^ + (Sa^* 
— l_4a:+10a:« — 12a;»+9a;*. 

7. (l+x+x''\r^y 

+ 2a^a?+(sf'y 
= l-|-.2aj + 3a:«+4a:» + 3a:*4-2a:»-fa:«. 

8. The answer is obtained by a direct application of the rale, 
as in the Ist and 4th. 

POLYNOMIAL CUBES. 
(Art. 208, pp. 146, 147.) 

2. (a?—x—iy=(x'y — B(a^yx—S(3^y — a^'\-3a^a^ 

_8a:fl_l-}-3ar» — 3ar + 6«^a; 
= af^—Sa^ + 5a^—3x — l. 

3. (a — ft + l)» = a« — 3a«5 + 3o« — J» + 3a5» + 3^4. 

l + 3a — 35— 6o5 
= a»~3a25 + 3a« + 3aft2— 6aJ+3a— y + 35»— 
35 + L 

4. (l+x-]-s^+af'yi=±l'\'Bx-\-Sa^+Sa^ + a^+Bx'-{- 

Ss^a^+3a^a^+(3i^y'\-3(3i^y+S(x'yx + 3(x'ya^ 
+ (a;»)»+3 (aJ»)^+3 (aJ»)2a;+3 (a:«)2a:2+ 6a?a:«+6a:a:» 
+ 6ar»a:».+ 6ara:2a:» 
= l-^3x-\-3x'+3x' + 3oi^ + a^-{-6a^ + 3 3d'-r\'3x'' 
+ 6a^+3aJ» + 3a:«4-6a:» + a:«+3a:« + 6a:«+3a:' + 
3a;^ + 3a:8 + a:» 
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5. The answer is obtained by a direct application of the rule, 
writing the cubes first, and remembering that the squares of the 
third and fourth terms are 4 c* and d^. 



EVOLUTION. 



SQUARE ROOT OF NUMBERS. 
(Arts. 216-219, pp. 150W-164.) 



(2.) 
273529 
25 


523 


4 




(3.) 
45796 
4 


214 


102 


235 
204 


327 


H 


57 
41 




1048 


3129 
3129 


424 


1696 
1696 


1 


(4-) 
06929 

9 


33. 
25 


(5.) 
1776 


5.7 6 


62 


169 
124 


107 


817 
749 




647 


4529 
4529" 


114 


S 


6876 
6876 






(6.) 
.940! 
81 


} 


.97 


(7.) 
6561 
64 


81 


187 


1309 
1309 




161 


161 
161 






8« 






(Continun 


1 on next pa|^.) 
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KEY TO BIGHEB ALGEBRA.. 






(9.) 





2.000000 

1 


24 


100 
96 


2i 


)1 


400 
281 


2824 


11900 
11296 



1.414+ 



< 


»d25|96 


81 


185 


926 




925 


(11.) 


7 X 10« = 700 


^700 = 26 4- * 


26 -5- 10 = 2A 


(12.) 


11X15« = 2476 


V/2475 = SO- 


SO -M5 


= SA 



604 



(13.) 



12.0000 
9 


64 


300 
256 


681 


5 


4400 
4116 



3.4 6 



284 



(14.) 

5.0606060606 
4 



42 



2.23607 



100 
84 



443 



1600 
1329 



4466 



27100 
26796 



447207 



3040000 
3130449 



The last two examples may also be solved like the 11th and 
12th. 



17 ^2 _ 1.41421 



EVOLUTION. 



.20208. 



6 384 1920 V^1920 44 



^^' 6 '^ 884 ~ 2304 ' y^2304 



48 



, nearly. 



(21.) 
H = .64705882 



.64705882 
64 


1604 


7058 
6416 


16084 


64282 
648S0 



.8044 
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CUBE BOOT OF NUMBERS. 
(Art. 222, pp. 156-158.) 

(3.) 

123 



1860867 

1 


300 . 
60 
4 
364X2 = 


860 
728 


43200 
1080 
9 
44289X3 = 


132867 
132867 
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KET TO HIGHER ALGEBRA. 









y" 


724150792 


.8 98 






19200 


512 






212150 






2160 






81 






21441X9 = 
2376300 


192969 ' 






19181792 






21360 






64 






2397724X8 = 


19181792 






'.) 






i 

800 


[48i.544 

I 


11.4 




481 






80 


. 




1 






3 31X1 = 
36300 


881 






150544 






1320 






16 






37636X4 = 


150544 


• 




5-) 






2979i 


31 


68i472 


SB 




< 


n 






612 




2700 




2791 


1 


9200 


169472 




90 






1920 




1 






64 




2791X1 




2791 


2 


1184X8 


= 


169472 





EVOLUTION. 

(7.) 
Tft. = .176470588235 
.176470588235 
125 



7500 51470 
900 

3^ 

84^6X6 = L50616 
94080000 

151200 

81 

94231281X9 = 



.5609 + 



854588235 



848081529 



6506706 



ROOTS OF MONOMIALS. 

(Art. 223, pp. 158-160.) 

7. Divide each exponent by m. 

8. Extract the cube root of — 8, and divide each exponent 
by 3.* 

9. Extract the square root of 16, and multiply each exponent 
by -^ or divide by 2. 

10. Multiply each exponent by -, or divide by n. 

1 m m 

11. -^ (a? — y)" = «""* (a? — yY 5 dividing each exponent by 

- • 1 

m we obtain a « {x — y)»». 

12. Divide each exponent by 2, and prefix the double sign, 
because it is an even root. 
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KEY TO HIGHER ALGEBRA. 



SQUARE ROOT OF POLYNOMIALS. 

(Arts. 224-220, pp. 160-163.) 
(3.) 



4aj*— 4a:« — 3a:« + 2a;+l 
4a:* 



A^x^ — x 



— 4:7^ — ^0^ 

— 4a;»+ 7^ 



4a:»_2a:— 1 



— 4ar» + 2a: + l 

— 4g^ + 2ar+l 



\a^ — x—\ 



W 



4a 


• _16a« + 


24a«— 16a + 4l 


4a* 


— 4o 


— 16a» + 24a« 




— 16a»+16a« 


4a« 


— 8a + 2 


8a»— 16a+4 
8a«— 16a + 4 



2a« — 4a + 2 



(5.) 
mi + 2m — l — --\-\ TO+l — l 



2m+l 


2m — 1 




2m + l 


m + 2^ 


1 

' m 





EVOLUTION. 
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- (6.) 
(a:+ar»)« — 4(a:— ar») = ar» + 2 + ar«— 4aj + 4ar» 

x—2 — ar^ 





2« — 2 


— 4a: + 2 

— 4a: 4-4 


2a: — 4- 


-ar» 


— 2 + 4ar» + ar« 

— 2-1-4 ar»-|-a:-» 



l+a? 

1 



(7.) 



2+; 



^+4 



2 + 0.-? 



■4 

■4 8 "T'el 



?! 
8" 



'64 



(8.) 



a + b 
a 



2a* 8a* 



2o* 
a* 8a* 



' 4a 



■4a 
■4a" 



J' 



h* 



8a»~64a» 

^ 6*_^ 

8a* 64a» 
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KEY TO HIOHEB ALQEBBA. 



(9.) 



l — x 

1 



1-^ 



8 



"16 



■ etc 



8-1 



— X 






> *• 

5-x-g. 



4 ' 8 ' 64 



>_ ^ ^ 

' *"^4 16 



8 64 

8 ~ 16 ~ 64 ~ 256 



6a?* 
" 64" 



"64" 



"256 



a«+a:« 



(10.) 



5a* 



■2a 8a?~16a» 128 



. + ete. 



* 2a 



-^ + ,4 



4a« 



»^ a 8a« 



■4a* 

J5* 

"4a*" 



"8a*~64a» 



^ /^ /^ 

^""'"'a~4^ + i6^ 



8a*' 
80*" 



"64 a* 



■l6a» 64a»'' 256a» 



* a 4a? 



a* 5a» 

8a» 128 a^ 



5a:* 
■64 a*" 

5a:* 
'64 a*" 



a?'* 
" 256 a»« 

5g'* 
■512a^o ~^^' 
7ar^ 7x^ 

128 a* 512a«> + ®*^ 



■ 64a* 

5x^ 

'l28a*' 
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11. {^f—%a?y^'\'7f)^=y/Wy^ — yll? = Zf — a? > 

12. (a^_aa: + J)i = Va«-y/f = a-| 



CUBE ROOT OF POLYNOMIALS. 

(Art. 227, pp. 163-166.) 

(3.) 
a8_|_3a2^3aJ=+6'+3a»c+6a6c+36«c+3ac2+8ftc«+c* 



a+H-c 



8a2+3a24.j?» 



3a«24-3aJ^+6» 
8a«&4-3ay+y 



3a«_j-6a6+36»+3ac+36c+c* 



3a"c+6a6c+36«c+3crc«+36c*4-c» 
3a'c+6a&c+8yc+3ac'+86c«+c« 



(4.) 
1 — 6^+12y2_8y8 

1 



1— 2y 



3-65^ + 4/ 



— 6^ + 123^2-85^ 

— 6y+12y2 — 8/ 



(5.) 



3ar^ + 3 + 





Hj 
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(6.) 



6* 



^—6a*+12(^l^- 


-8J♦ 


W 




— Qc^-li-na'I^- 


-8J* 


— 6a«+12a''5«- 


-8J* 



ft* 



(7.) 

a:«_6aJ^-|-15a^-.20a;»+15ar»— 6aH-l 



a:2_2aj_^l 



3«*~6a:»4-4a:2 



— 6a:»+15a:*— 20aJ» 



3a^— 12aJ»+15ar»— 6a;+l 



3a:*— 1 2a:»+15a:2_g^_|_i 
3a;*— 12a:«+l 5ar^— 6a:+l 



ANY ROOT OF POLYNOMIALS. 



(Aets. 228, 229, pp. 166-168.) 
(2.) 



«i6_6m6 + 40m8 — 96w — 64 



(m2)8=m« 



3m* 



m2_2m— 4 



— 6w« 



(^2 — 2m)8z=m« — 6ms+12m*— 8m» 



3w* 



— 12w* 



(7»2_2w— 4)'=w«— 6w5 + 40m» — 96w — 64 



EVOLUTION. 
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(3.) 

/t4 



2a^ 



a* — aX'\-si^ 



'2a^x 



(a« — aa?)2 = a* — 2 o»a: + a«a:« 



2a« 20^0? 



(a«— oa:+ar^)2=a*— 2o8a; + 3a2ar» — 2aa:» + aj* 



(4.) 



32 aJ* 



2a:— 1 



80 a:* 



— 80 a:* 



(2a:— 1)» = 32 a* — 80 a:* + 80 a^^ — 40 ar^ 4- 10a: — 1 



(5.) 

1 6a:*— 96a:V+ 21 Gary — 21 6a2^8+ 8 V 
16a:* 



8ar»— 12ay 



— 96a:V+216ary 
— 96a:8y+144a:y 



4ar»— 12ay+9y« 



8a:^— 24a:y+9y2 



72a%«— 216ay+81y* 
72a;y— 21 6ay +81y* 



4ar^— 12a:y+9y2 
4ar» 



2x— 3y 



4 a:— 3y 



— 12a:y+9y^ 

— 12a;y+9y^ 
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KEY TO HIGHER ALGEBRA. 



(6.) 



I a a? 



Sa 


— 6a*+15a 

— 6a*+ 9 a 


2 

2 




ia'- 


-6a + i 
' a 


6a«-18 + | 


' o 


1 
"a" 




3o»— 3 + 


a« 


1^ 
a' 


_3« + |-' 







EADICALS. 



REDUCTION OF RADICALS. 

CASE I. 
(Arts. 236, 237, pp. 169-172.) 

2. ^27 a!^ x^ z= ^d a^ x^ X S ax z=i S ax^ \/3 ax. 

3. (189a*&»c2)3 = (27a8^j« X 7 ac^)^ = 3ab {7 ac^)^. 

4. V96o2^==Vi6a2^^*Xn6^== 4/1x^6x1 
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5. \/ar+'lr=:\/a'lf'Xa'' = ah^. 

6. 2c 068 = 2e v'256 X 3 = 2c X 4 ^r= 8c ('sT 



7. y/a* — a^J= v/a«(a— J) = a \Ja — b._ 

8. (a ar"— 6 oai + O a)* = [(« — 8)« X a^ = (« — 3) a*. 

9. V(«'— /) (a:+y) = V(^ +y)' (^-y) = (^+y) V^=y^ 

^^- 2 Vis — 2 Vl5 ^ 15 — 2 V 225 " 2 V 225 "^ ^^ * 

13. ^V| = t\Vf>a = AVAX7 = AX?V7 = AV7". 



14 »/I°?I=v/^^X^±^ 
V 4(0+1) V4(a+z)'^a+a: 

a /a»6— 2a'6'+a6' a ' /(a — 6)» ^ T 

a(a — &) ,^ a .-^ 

CASE n. 
(Aets. 238, 239, pp. 172, 173.) 

7. x(2a — ar)i=[ar^(2a — a;)]i = (2aa;3— a:^)* 
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11 x+1 /x-1 _ / (^ + l)«(x-l) _ ■ /x+1 

**• X— 1 V«+i~V(*— i)'(*+i)~V*— 1" 

CASE UI. 

(Art. 240, pp. 174, 175.) 
2. o'' = o*=:V'^; oi = a* = ('^. 
8. o* = o* = v'^; ji=('6: 

5. ^J = \^; ^5T=V'(55/ = V'625F; 

6. In the first, multiply the index and the exponent by 2 ; in 
the second, by 3. 

ADDITION OF RADICALS. 
(Art. 241, pp. 175, 176.) 

3. 'V^375 = 'V'l25x~3 = 5'V^3 

V'm = V^64 X 3 =4V^ 

Sum = 9\^3 



RADICALS. 
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4. 3Va^= da^h 

Sum= (3a + 20a2)V? 

5. 3V| =3Vj"xI =3V5«5X10 =*Vio 

2V^ = 2VTVX18 = 2VT^iyXlQ = tVlO 

Sum = jVl0 



^* = 



i=:ArA«^i 



6. {h'y)^=(l^Xhy)^ = h{hy) 
{bf)^ =(fX by )^ = y(by)i 

Sum = (b+y){hy)^ 

7. 8Vf= 8ViX3 = |V3== 4V3 

— iVr2 = — iV4x3 = _J\/3 = — V3 
4V27= 4V9X3 =4X3V3= 12 V3 

— 2V^ = — 2V^;i<3= — |V3=— jV3 

Sum= HJ^VS 

8. V48a52 =:Vl6^X3a = 4^V3T 
V75a« =V25a2x 3a = 5a\/3a" 

V3a(a— 9^»)2=(a — 9ft)V3^ 
Sum= (6a — 5ft) V3a" 

V 26 



Sum=(3a-l)y^^ 



h 



104 KEY TO HIpHER ALGEBRA. 

10. 8(2420*6*)*= 8(1 21a*2>*X 2a6)*= 3X1 la»ft*(2a&)*= 88a^«(2a6)* 

ll(2a»6»)*= ll(a«J»X2a6)*= Ila6(2a6)* 

Sum = ll(3a'6'+tt&)(2a&)*=(33a^ft«+lla5)(2a&)* 

11. V24= vr><^= 2V6 

2V72=2V36X2 = 2X 6V2 = 12\/2 

Sum = 2 Ve 4- 12 V'2 + aa: V? 

12. \^1255*— 250a^» = \^12o&8(6 — 2a) = 55v'd— 2 a 
V^64a«6 — 128a^=\^64o«(6 — 2"^ =4a\/^ — 2a 

Sum = (55+4a) ^/h—2a 

SUBTRACTION OF RADICALS. 
(Art. 242, pp. 176, 177.) 

2. 2 V^320 = 2 \^64X5 = 2 X 4\^5 = 8 V^5 
3\^ =3>V^ 8X5 = 3x2\/5 = 6\^5 

Difference = 2 V5 

3a:V9a = 3a! X ^\fa=z OxVa 
Difference = — 7 a? Va 

^ = V'V' X S = \^,iV X75 = i^'TS = ^V^ 

• Difference = -ft \^ 
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5 

— * 

Difference = /— -—\ Wb 

6. The radicals are dissimilar, and no simplification is possible, 
except to separate tlie factor 4. 

7. ^h{2a^P)^= 35(a8 X2a^^2)3= ^ah(2a'l^)^ 
' — 7 (2 a^I^)^ = —7 (al'I/' X 2aH^)^ = — 7 ab(2aH^)^ 

8a(2«2^)^= 8a( b^X2a'l^)^= Sah(2aH^)^ 

Difference = 4 a 6 (2 a^ ^)s 

Difference = ' »»' — n*) Vw* -|- «* 

MULTIPLICATION OF RADICALS. 
(Arts. 243, 244, pp. 178-180.) 

**•_ W.-, *"* mn inn. 

2. VaX Vi=== Va^X V^ = Vo^. 

3. 5a*X3o3 =5\^X3\^= 15\^ 

4. 4Vr2x3V2 = 12V24 = 12 Vr>r6 = 12x2V6 

= 24V6. 
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* 3 



6. (a + b)^ X (a + h)^ = V'(a + ^)* X V'(^+6)'* 

7. ^-(^x«*^*c===lY/ixc^\'^^«=J^ 

(10.) 
Vi + Vy 



a: Va: — a; Vy + y Va; 

xV^ — yVx-^-yVy 

11. (\/a + c\^) (Vi — c\/6) = a — c«\^^. 

(12.) 

Va + Vft — Vc 
a -j- Va 6 -|- Va c 

Vaft +& + \/rc 

— Vac • — Vic — c 

a + 2Va^ -A-b — c 
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DIVISION OP' RADICALS. 
(Art. 245, pp. 180, 181.) 

2. ^ = 2Vi2 = 2VTx3 = 2x2V3 = 4V3. 

4a 4a 4a 

5. Subtracting the exponent J from the exponent J, we have 
the exponent — J. (Art. 77.) 

' (^y^)* {^yy ~ WW ~ vW ~ ^^ ^ 

- 5c(a«ar2)» , . « ^ I 
c (a aj) » 

TT ^ 6/2^ _ 6/ -^^ ^ 6/2^ _ 7^^773^/' 



3y 
2^ 



10 ^ ^+^^ _ 2V54-2V3 _ 
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(11.) 



a-\'^ab — Vac 



Va+Vi— Vc 




Vac -\-^Fc — e 



12. ^«»6^4-aU* -*-y/^ = y/(a»6» + «H0(^) 






POWERS OF RADICALS. 
(Art. 246, pp. 181, 182.) 

2. (9x^^3a~by = Slx'^^^^J*z=8lbx'^^9^. 

3. (V'a^)^ = V'^* = ft \^^ = bVa. 
Or, (>V^^)2 = V^ = ft Va. 

4. (iV3)»=5VV27 = J^Vir^ = ^'VV3 = iV3. 

5. (— v'^^y — ^ _ ^^6 X a^ = «2>v^ 

6. (2-f V3)2 = 4 +4 V3 + 3 = 7 + 4 V3.. 

7. (a — bx^y = a^ — 3aHxi-^3al^x — b^x'^\ (Art. 208.) 

8. (2Va — ft)8 = 8 V(^^"ft)« = 8 (a — ft) V^^^. 



RADICALS. 

BOOTS OF EADICALS. 
(Art. 247, pp. 183, 184.) 

1. \yja = Va. 

2. (64 'V^)^ = 643 4^7 = 4 ^1. 

3. (o2>v^5)^ = a>V^. 

4. (24 ^f¥a)^ = (4 ViOSo)* = 2 >V^108^. 

5. [(ar+y) V^+^]^ = (V(:r+y)»)* = VH^ 

7. (2 Va^—x)i = (V4(o« — a:) )i = V'4(a«— »). 

(9.) 

9a + 36(3aa;)i+108a; 3a* + 6(3a:)* 
9a 
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6a*-f6(3ar)* 



36(3aa:)*+108x 
36 (3 aa:)^+ 108 g 



The square root may also be obtained by Art 226. 

RATIONALIZATION. 
(Art. 251, pp. 186-188.) 

1 . The coefficient, 3, is ah'eady rational, and Va^ is rational- 
ized by Art. 240, 

SV^X Va = 3 a^ X a^ = 3 al 



2. (rt + Vb) (a — Vd) =za^ — h. (Art. 250.) 
10 
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3. Let n = 4 in Art, 250, 1 ; then 

(a:+y)(x*— ar*y + a:y»— y«)=a?*— y* 

Or, (5^ + 34) (5^ — 5* X 3^ + 5^ X 3* — 3^) = 5 — 3 = 2, 

in which 5* — 5^ X 3* -f 5* X 3^ — 3* is the rationalizing fac- 
tor, and 5 — 3, or 2, is the quantity after it is rationalized. 

4. ^/{a—hf X ^/{a—hy = \^{a—hy = a — h. 

5. Let « = 6 in Art. 250, 2 ; then 

Or, (a* —5*) (a^ +a«^^ +0^ i* J^ah^ + a^ h^ + h^) = 
8. i-x^^=5i^. 

9 ^ wV/5 + V/2_ 8(v^ + V/ 2)_ ,g ,^ 

^- V^5->/2><V5+v/2~"^^2 -V5 + V2. 

10. " x ^-~^^ = «(\^— v^) ^ 

11. (V8 — Vi— VsxVs+Vr— V3) = io— 2V24 

(10 — 2 V24) (10 + 2'V^) = 100 — 96 = 4. 

j2^ yJa'\'X — \la — x ^ V« + ^— V« — ^ _ 
Va + a? + V^ — ^ Y^ + ^ — V^ — X 

a-|-a; — a-j-a: 2a; a: 
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14. 



V^ ^ 3 + ^ 



8 v/2 + 2 _ 4.2426 + 2 
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.8918. 



3 — v/2 ^^3 + ^2 9 — 2 7 

IMAGINARY QUANTITIES. 
(Art. 266, pp. 190-192.) 

1 and 2. The answers may be obtained directly by the rule 
found in Art. 255. 

3. The imaginary terms cancel each other. 

4 The fifth power of V — 1 is the same as the first power. 
(See Rule, p. 191.) 



5. (a + Vir^)(a — V— ft) = a«— (— ^) = a« + ^. 

7. (4+V=r7)Vir2"=4V^^— Vn. • 

8. (3 4-4V^=nr)2===9 + 24V=T— 16==— 7+24V=T 

i+v^^ ,: i+vi=i i+2V=ri— 1 2V=3 

V. . — X = = 



1— v^ 

=:Vm. 






l-(-l) 



10. 



4 + V32 2 + V— ■2_8-f 6V— 2 — 2 



2_V^Z2 



X 



4 + 2 



= ^+^^^=^ = i+Vz:i 



. 11. (c±V— (0' = ^±3c2\/— rf4-3c(V^II5)«±V— c^ 
= c» ± 3 c2 VI=^ — 3 c rf ± rf V^^. (Art 208.) 
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12. V^«^x V— ^^x V— «^=«V— i xftV^x<?V^ 

13. (v^r^^) (v/::^) (v^^::^) (\/=:^) = (« v^=i) (b^~i) 
{c)j^^) {dyf^) = abed (yj^^y = abed. 

14 g+y/^^ q— yCr5 _ a2 4-2aVir&— 6 

PROPERTIES OF QUADRATIC SURDS. 
(Art. 265, pp. 194-196.) 



2. Here a = 11, ft = 72, and c= sja' — b = ^121 — 72 
= ^49 = 7. Hence, from (7), 



S. Here a = 6, ft = 20, and c = V/36 — 20 = y^ = 4. 
Hence, from (7), 



4. Here a = 1, y^ft = 4 >J'^^ = y^— 48, or ft = —48, and 
c == v/r+48 = ^49 = 7. Hence, from (7), 
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5. Here a = 43, \Jh=z 15 V^8 == v/TSOO, or h ==' 1800, and 
e = V^1849 — 1800 = y^ = 7. Hence, from (8), 

V43-15V8=Y/i^-y^' = 5-Vl8=5-3V2, 

6. Here a = 12, y^ft = 2 ^35 = ^140, or 5 = 140, and c = 
V144— 140 = V^4 = 2. Plence, from (7), 



7. Here a = 2m, yfb=. 2 ^rn^—n^ = \fi{m^ — n% or 5 = 

4 ;w5i_ 4 n% and c = v/4m2— 4^2+4 /f^ = ^'^ z=2n. Hence, 

from (7), 

J- . o .-- = /2m+2» , /2m— 2n / j 

V2m + 2v^m« — n« = y/ ^= [- y ^ = V"* + '» 

- 8. Here a = 0, ^b= 2V/— 1 == V— 4, or 6 = — 4, and c 
= Vo + 4 = 2. Hence, from (8), 

9. Here o = J, V* = | y/^^^ = }J?^\ or 6 = 

a«6»— 6« ■ /a* a^A^— J* /««— 4a« J»4-46« a'— 26» 
-^— ,andc=Y/jg ^ = V i6^ = -4— 

Hence, from (7), 

________ /q3 Qg^2~y /g^ g^ — 2^^ 

10* 
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EADICAL EQUATIONS. 
(Art. 267, pp. 196-199.) 

6. Given ' Vx+6 = Vl2 + a: 

Squaring, . a:+12 Vx + 36 = 12 + a: 

Transposing and uniting, 12 Vx^= — 24 

Dividing by 12, VS'= — 2 

Squaring, a; = 4, 

in which 4, the value of x, is limited to the negative square root 



21 



7. Given 


Vx + Vx 7— " 


Clearing of fractions. 


A/a^^7x+x — 7 = 2l 


Transposing and uniting. 

Squaring, 

Transposing and uniting, 

Whence, 


V'a:^— 7a: = 28— a: 

a:2_7a: = 784— 56a:4-a? 

49a: = 784 
a:= 16 


8. Given 


V3a: + 4 + 3 = 6 


Or, 

Cubing, 
Or, 
Whence, 


V3a: + 4 = 3 
3a: + 4 = 27 
3a; = 23 


9. Given 
Clearing of fractions. 


X 


yJV' + x — b — '' 

xz^cVb^+x—bc 


Transposing, 

Squaring, ; 

Or, 

Dividing hj a:, 


x-{-bc = cV^ + x 
t'-\-2bcX'\'b^c^ = b^c^-^c^x 
x^ = c^x — 2bcx 
x = <^—2bc 
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1 JL 

10. Given (ar+ 2)'» = (ar^+ 10 a; + 1)^™ 

Raising to 2 mth power, (a:-f 2)^ = ar^+ 10 a:+ 1 

Or, a?2_^4a: + 4 = x2+10a:+l 

Whence, 6 a; = 3 

Dividing by 6, ' a? = f = J 

• -' 

11. Given Va:— 32 = 116 — Vi 

Squaring, a: — 32 = 25 6 — 32 V» + a: 

Transposing and uniting, 32 Va: = 288 
Dividing by 82, Vi = 9 

Squaring, a: = 81 



12. Given J^^JIH^^^Jh 



c 

Is- 





" 1 


c 


— 




a-\-x ' 


a — a; 




ab- 


-6a:-}-a< 


-\-cx 


= 




(fi. 


— c)x 


= a(6+c) 






X 


=«(S) 



Squaring, _1_ + 2 y/Ig + ^^ = y/^^ 

Dropping ejqual terms, 

Clearing of fractions. 
Or, 

Whence, 



13. Given a + a; = Va^ -f a: y'^ +^ 

Squaring, a^^2ax-{-x^ = a^-f arV^'^+x^ 

Dividing by a:, etc., 2 « -f- a: = V^^ 4-ar^ 

Squaring, 4 a^ ^ 4 ax -{- x^ = l^ -\- x^ 

Or, 4«a; = &2_4a2 

Whence, a; = a 

• 4a 
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14. Given (aji+Sa*)^ — (a:* — 3a»)i = i^* 

Squaring,a:^ + 3o«— 2(a; — 9a*)2+a;* — 3a2=i|^* 

Clearing of fractions, etc., 2 5a;^ — 2 5 (x — 9 a*) ^ = 4 a a;* ' 

Transposing, etc., hx^ — 2ax^ = b{x — 9 a*)^ 

Squaring, l^x — Aahx-\-4:a^x=i^x — 9a* 6^ 

Dividing by a, etc.^ — 4Lbx-{-4:ax = — 9a*^ 

Factoring, etc, 4 (5 — a)x=z^a^I^ 

Whence, 



4(6 — a) 



QUADRATIC EQUATIONS. 

PURE QUADRATIC EQUATIONS. 
(Arts. 271, 272, pp. 200-203.) 



2. Given 




4a:2_7=.29 


Transposing and 


uniting, 


4x2 = 36 


Dividing by 4, 




ar^ = 9 


Evolving, 




x=z ± 3 


3. Given 




5x^-1-5 = 3a;2 + 55 


Transposing and 


uniting, 


2a;2 = 50 


Dividing by 2, 




ar^ = 25 


Evolving, 




x= ± 5 


4. Given 




7ar^ — 5 = 3a;2+ll 


Transposing and 


uniting. 


4aj2=16 * 


Dividing by 4, 




X^=4: 


Evolving, 




x= ± 2 
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K n- ^ 5,58 

5. Given " r— i H ;; = o 

4-(-a; • 4 — x 3 

Clearing of fractions, 60 — 15 a: 4-60+15 x = 128 — 8ar* 

Or, 8ar» = 8 . 

Dividing by 8, a^ = 1 

Evolving, x=i ±1 

6. Given . x^ — ah=: d 
Transposing, a^ =i d-\-ah 

Evolving, a: = ± Vd-^ab 

7. Given aar^-f~n = w — c 
Transposing, ax^ z=z m — c — n 

Dividing by a, a;^ = 



Evolving, x= ±\/- 



m — c — n 



8; Given _ -.3 + - = --ar» + — 

Clearing of fractions, 12 ar»— 72 + 10 a;^ = 7 — 24 x^^ 335 
Transposing and uniting, ^ 46 a;^ = 414 

Dividing by 46, ar^ =z 9 

Evolving, x= ± S 

9. Given 13 — V3ar*4-16 = 5 

Or, V3a;2+16 = 8 

Squaring, 3ar^+16 = 64 

Transposing and uniting, 3 ar^ = 48 

Dividing by 3, a:^ = 1 6 

Evolving, X = ± 4 

2a 



10. Given x 4- Vx^ 4- a = , . ., — 

Clearing of fractions, x Var* -|-a-|"X^ + a^=2a 
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Transposing and uniting, x ^7? -\'a:=.a — a^ 
Squaring, a:* -|- a a:^ = a* — 2aa:^-|-a?* 

Transposing and uniting, 3 a ar* = a^ 

Dividing by 3 a, ^ ^^ 3 

Evolving, , x=±\J\=± ^V3^ 




11. Given 

Clear, of fract,. 

Uniting, 
Squaring, 
Whence, 
Dividing by 4, 
Evolving, 

12. Given Sl+V«Ef = ./? 

4x ^ ^x ye 

Mult, by V^ Va-j-x -(- Va — a; = -7= 

- ^ 

Squaring, a-f-a;+2Va^ — ar^-|-a — ^="fi 

Clearing of fractions, etc., 1 2 Va^ — a;^ = ar^ — 12a 
Squaring, 144 a^ — 144 ar* = a;* — 24 a 7?-^- 144 a^ 

Whence, a;* = 24 a ar^ —- 144 ar» 

Dividing by a*, ar* = 24 a— 144 

Evolving, ar == ± V24a — 144 



14. Given 



i: 



3a;4-3y = 5ar (1) 

:a;+y)x=960 . (2) 

From(l), y=^ (3) 
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Substituting in (2), 


3:^ + ^ = 960 




Clearing of fractions^ etc., 


6a:2 = 2880 




*^ Dividing by 5, 


ar» = 576 


. 


Evolving, 


a?= ± 24 




Substituting in (3), 


,=±^r= 


:±16 


15. Given 


■jsy— llar»=4 


(1) 
(2) 


Multiplying (1) by 3, 


9a^-\-12f=22S 


(3) 


Multiplying (2) by 4, 


— 44ar'4-l2jr'= 16 - 


(4) 


Subtracting (4) ^m (3), 


53ar' = 212 


(5) 


Dividing by 53, 


a:» = 4 




Evolving, 


x=±2 




Substituting in (1), 


124-4y» = 76 




Transposing and uniting. 


4y«=64 




Dividing by 4, 


y*=16 




Evolving, 


y=±4 




16. Given 


ta?—xy = 54: 
)xy-f=lS 


0) 
(2) 


Dividing <1) by (2), 




(3) 


Or, 


x = 3y 


(4) 


Substituting in (2), 


32^— /=18 




Or, 


2y«=18 




Dividing by 2, 


j^=9 




Evolving, 


y==±3 




. Substituting in (4), 


x= ± 9 




17. Given 


jar' + a:y=60 


(1) 
(2) 


Adding (1) and (2), 


x' + 2xy-\-fz=U4: 


(3) 
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Evolving, 


a;+y=±12 


(4) 


Dividing (1) by (4), 


a;= ± 5 




Dividing (2) by (4), 


y=±7 






r^a— ya = 2268 


(1) 


18. Given 


\ 63 a;* 






( 4y=28y 


(2) 


Multiplying (2) by ^, 


9a^— 16^ = 


(3) 


Multiplying (1) by 9, 


9a^_9y*=20412 


(4) 


Subtracting (3) from (4), 


7y' = 20412 




Dividing by 7, 


y = 2916 




Evolving, 


y=±54 




Substituting in (1), 


0^ — 2916 = 2268 




Transposing and uniting, 


a!» = 5184 




Evolving, 


a; = ± 72 





PROBLEMS 

LEADING TO PURE EQUATIONS. 

(Pp. 203-205.) 

2. Let X = side of each lot, 

and 3 x^ = contents of the three. 

Then, 3a:«+193 = 252 

Transposing and uniting, 3 a:^"= 432 
Dividing by 3, ar^ = 144 

Evolving, a: = 12, side of each. 

8. Let X = A's capital, 

and y = B's capital. 

Then ^ = A's gain. 
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Bj the conditions, 


- + S = 27 (1) 


, and 


2^ = ^^ (2) 


From (2), 


y2=6400 (3) 


Evolving, 


y = 80, B's capital. 


Substituting in (1), 


. ^+::o=^' 


Multiplying by 5, 


5a; + 4a;=135 


Uniting terms, 


9a; =135 


Dividing by 9, 


a: =: 15, A's capital. 


4. Let 


5 a: = side of larger. 


and 


3x=z side of smaller. 


Then 


25 x^ = contents of larger, 


and 


9 3^ = contents of smaller. 


Therefore, 


25ar*— 9 ar»^ 25600 


Or, 


16.ar*= 25600 


Evolving, 


^ 4a; = 160 


Dividing by 4, 


a: = 40 


Squaring, 


ar^=1600 


Whence, 


25 ar^= 40000, larger. 


Also, 


9x2= 14400, smaUer.- 


6. Let 


X = A's investment. 


and 


y = B's investment 


Then 


100 = -^' gam. 


and 


4Xo = ^'«g^«- 


!^y the conditions, 


- + 100-11 0) 


and 


4^0 = ^^ (2) 


From (2), 


y = 14400 



11 
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Evolving, y = 120, B's investment. 

Sx 
Substituting in (1), ar -|- — = 1 1 

Clearing of fractions, 5x'{'6x = 55 
Uniting terms, 11 a: = 55 

Dividing by 11, a; = 5, A's investment 



7. Let 


X = the greater. 


and 


y::=ihe less. 




Then 


(a:— y)y = 42 


(1) 




(x-y)(x+y) = lS3 


(2) 


Dividing (2) by (1), 


x + y _ 133 _ 19 
y ~ 42 ~ 6 


(8) 


Clearing of fractions. 


6a:+6y=19y 


(4) 


Or, 


6a;=13y 


(5). 


Whence, 


.=7 


(6) 


Substituting in (1), 


.r «■=■« 




Clearing of fractions, 


lSy^—ef = 252 




Or, 


7^^ = 252 




Whence, 


y« = 36 




Evolving, 


y = ± 6, the less. 


Substituting in (6), 


a: = ± 13, the greater. 


8. Let 


X = no. weeks engaged. 


Then 


= A's rate per week, 


and 


= B's rate per week. 


By the conditions, 


75(»— 7)_48(a; — 4) 
X — 4 X — 7 


% 


Clearing of fractions, 75 (x — 7)« = 48 (a; — 4)a 




Or, 1 


i5{x—7y = U(x—iy 
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Evolving, 5{x — 7) = 4 (a: — 4) 

Or, 5a:— 35 = 4a:— 16 

Transposing and uniting, a: = 19, whole no. weeks. 

Hence, a:^4 = 15, no. weeks A worked. 

And, X — 7 = 12, no. weeks B worked. 

Also, ""Zil ^^ ^' "^'^ ^*® P®^ week. 

48 
Andj = 4, B's rate per week. 



AFFECTED QUADRATIC EQUATIONS. 
FIRST METHOD OF COMPLETING THE SQUARE. 

(Abts. 276, 277, pp. 206-210.) 

4. Given a:^ — 6a:+12 = 4 
Transposing, x^ — 6 a: = — 8 

Completing the square, x^ — 6a:-{-9 = l 
Evolving, X — 3 = ± 1 

Whence, a: = 4, or 2 

5. Given a;^ — 8a: + 50 = 98 
Transposing, a:^ — 8 a: = 48 

'Completing the square, a^ — 8x+16 = 64 
Evolving, X — 4 = ± 8 * 

Whence, a: = 12, or — 4 

6. Given Sx^—3x-^e = d^ 

Transposing and dividing by 3, a^ — a: = — % 

Completing the square, a^ — a: + J = ^"jr 

Evolving, X — ^ = it ^ 

Whence, a: = f , or f = f , or j 
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7. Given — Sa^+SGa;— 105 = 

Transposing and div. by — 3, 7? — 12 a: = — 35 

Completing the square, a^ — 12a;-|-36 = l 

Evolving, X — 6 = zfc 1 

Whence, a: = 7, or 5 



8. Given 

Clearing of fractions, 
Transposing and uniting. 
Dividing by 4, 
Completing the square, 
Evolving, 
Whence, 



42;- 



86— a? 



= 46 



4aJi_36+a:=46a; 
4a:2— 45x = 36 
o^ — ^x = ^ 

a: = ^,or— f, = 12,or — I 



9. Given 6 a: — 30 = 3 a;« 

Transposing, etc., 3ar* — 6x = — 30 

Dividing by 3, a:^ _ 2 a; = — 10 

Completing the square, t?' — 2a:-f-l= — 9 

Evolving, x—\ = rb V — 9 = dr 3 V^^l 

Whence, a; = 1 i 3 V— 1 



10. Given 
Transposing, 
Multiplying by 2, 

Completing the square. 

Evolving, 
Whence, 



?-|+20i = 42f 



= - = 22i 

2 3 « 

2 2a:^_l 400 



a; = 7, or — 6^ 
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11. Given 


a^-^ax=: b 


Completing the square, 


**+<'^+T = *+7 


Evolving, 


«:+|=±v/j+f 


W hence, 


x = -l±y/.+J 



13. The given equation reduces to x^-^Axz^ 4:5, in which 
2' 



^ =±1 2, and 5- = 45 ; hence. 



a: = — 2 =fc V45 + 4 = — 2 =fc 7 = 5, or — 9, 

14. The given equation reduces to o;^ — a: = |, in which ^ = 
— J and ^ = I ; hence, 

15. The given equation reduces toa::^+^^ = — ^9^ which 
-? = 3 and q = — 8 ; hence, 

a: = — 3 ± V— 8 + 9 = — 3 =fc 1 = — 2, or — 4. 

^n r^' c 8a;— 3 ^ , 8a: — 6 

16. Given 5x - = 2a:^ -— 

TT ' ' . o 8a;— 3 8a: — 6 
Uniting terms, 3 a: = — 5 — 

Clearing of fractions, 6a:^ — 18a;— 6a:+6 = 3ar^— 15a:+ 18 
Transposing and uniting terms, 3ar^ — 9a:= 12 
Dividing by 3, x^ — 3 a: = 4 

Hence, a: = | i V4 + J 

Or, a: = I ± f 

Whence, a; = 4, or — I 
11* 
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SECOND METHOD OF COMPLETING THE SQUARE. 

(Art. 278, pp. 210-213.) 

2. Given 3a:^ = 42 — 5a; 

Or, 8ar»+5a;==42 

.Multiplying by 12, . Sex^'^eOx = 504 
Adding 5% 86 a:^ + 60 a; 4- 25 = 529 

Evolving, 6x+ 5 = ± 23 

Whence, 6 a? = 18, or — 28 

Dividing by 6, x = 3, or — 4§ 

• 
3. Given V(4-f a:) (5—x) = 2 a: — 10 

Squaring, 20 -fa: — ar» = 4 ar*— 40 a; + 100 

Transposing, uniting, etc., 5a:^ — 41a; = — 80 

Multiplying by 20, 100 a;^ — 820 a; = — 1600 

Adding 41^ 100ar» — 820 a:+ 1681 = 81 

Evolving, ' 10 a; — 41 = it 9 

Whence, 10 a; = 50, or 32 

Dividing by 10, a; = 5, or 8^ 



Given -4_^4-i = 3 



6 , 2 
0; + ] 

Clearing of fractions, 6a;-f-2a;-|-2 = 3ar^-[-3a; 

Transposing, uniting, etc, 3 a:^ — 5 a; = 2 

Multiplying by 12, 36 a;^ — 60 a; = 24 

Adding 5^ 36 a;2 _ 60 a; -f 25 = 49 

Evolving, 6 a; — 5 = ± 7 

Wlience, • 6 a; = 12, or -^ 2 

Dividing by 6, a; = 2, or — ^ 

5. Given 2a;3 — 7a;-f3 = 

Multiplying by 8, 16ar* — 56a; = — 24 
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Adding 72, 16a:a — 56a; + 49 = 25 

Evolving, 4 a; — 7 = ± 5 

Whence, 4 a: =12, or 2 

Dividing by 4^^ . a: = 3, or J 

6. Given ac7^ — bcx-^-adx^zbd 

Mult, by 4ac, 4:a^c^x^ — 4:ac(bc — ad)x =: 4tabcd 
Adding (be — ad)^, 

4a^c^a^—4:ac(bc—ad)x-\-(bc—ad)^=b'^c^+2abcd-\-a^d^ 
Evolving, 2acaj — {be — act) = z^ibc-^-ad) 

Transposing and uniting, 2aca: = 25c, or — 2 ad 

Dividing by 2 a c, a:= -, or 

7. Given llOa:^ — 21a:+ 1 = 

Multiplying by 440, 48400 ar^ — 9240 a; = — 440 

Adding 21^ 48400 a^ — 9240 a; + 441 = I 
Evolving, 230 a: — 2 1 = zt 1 

Whence, 220 x = 22, or 20 

Dividing by 220, « = A> ^r ^ 

8. Given 1 25 ar» — 7 a; ;= 17J 

Clearing of fractions, 625 ar* — 35 a; = 86 

Multiplying by 2500, 1562500 ar» — 87500 x = 215000 
Adding 352, 1562500ar» — 87500 a; +1225 = 216225 

Evolving, 1250 a; — ^5 = zb 465 

Whence, 1 250 a; = 500, or — 430 

Dividing by 1250, » = f, or — -f% 

9. Given aa^ — 2bx = c 

Multiplying by a, a^a^ — 2abx^=ac 
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Adding J8, a^x^ — 2ahx-\'J^ = ac-\'J? 
Evolving, ax — 5 = :±t Vac-f-J^ 

Whence, oa;=:i± Vac-|-^ 

Dividing by a, a? = - ^t - Vac-|-J" 



THIRD METHOD OF COMPLETING THE SQUARE. 
(Art. 279, pp. 213, 214.) 



1. Given 




4a!^+16a; = 33 


Adding 16, 




4a:» + 16a;4-16 = 49 


Evolving, 




2a: + 4 = ±7 


Whence, 




2a: = 3, or — 11 


Dividing by 2, 




«=§, or — J^ 


2. Given 




3a:2 4-2a;+6 = ll 


Multiplying by 3, 


etc. 


9ar'4-6a;=15 


/ 6ar \a 




9aa4-6a:+l = 16 


Evolving, 




3a?+l=±4 


Whence, 




3a; = 3, OP — 5 


Dividing by 3, 




a; = l, or — f 


3. Given 


16ar'+15a; = 34 


^^d^g(i^y'i6^+^ 


I5a;4-W = *IF 


Evolving, 




4ar + V=±^ 


Whence, 




4a: = ^,or — ^=Jsf,or — 8 


Dividing hj 4, 




x = H,or — 2 


4. Given 




gar"— 12a:-» — — S 


/ ^2 V 




Sar" — 12ari+4 = l 
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Evolving, 


3ari — 2 = ±1 


Whence, 


3ar-i = 3, orl 


Dividing by 3, 


a:-i=l,orJ 


Hence, 


a; = 1, or 3 


5. Given 


(2a;~8)(2a:-3)_g 

X 


Clearing of fractions, etc.. 


, 4ar^— 12a;.4-9 = 8a: 


Or, 


^ay' — 20x = —9 


/ 20 \» 
Adding ^2^4-)' . 


4a:«— 20x4-25 = 16 


Evolving, 


2a: — 5*=±4 


Whence, 


2a; = 9, orl 


Dividing by 2, 


a: = f,ori 


6. Given 


9a:" , 80a: 
16 + 8 ~ 


Adding (^-^ 2 Va)^ 


9a:" . 80a: . 25 9 
16 ' 8 + 4 ~4 


Evolving, 


3a: ,5 8 

T ' 2""=*=2 


Whence, 


— = — 1, or — 4 


Clearing of fractions, 


3a; = — 4, or — 16 


Dividing by 3, 


a: = -lJ,or-5§ 


7.^ Given 


4a:" , 16a:__ 20 
49 "»■ 42 ~ 3 


Adding (,ft.- 2 V^n 


4a:" , 8a: 4_64 
49 • 2l"^9~" 9 


Evolving, 


7 ~8 ^3 


Whence, 


^ ?^=2,or-i# 


Dividing by ij, 


a; = 7, or — llf 
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1. Given 
Transposing and compl. square, 
Evolving, 
Whence, 



Promiscuous Examples. 
(Art. 280, pp. 214-217.) 



a: — i = ±¥ 

a; = 7, or — 6 



2. Given 
Developing, 

Transposing and compl. square, 
Evolving, 
Whence, 

3. Given 
Multiplying by 8, 
Completing the square, 
Evolving, 
Whence, 
Dividing by 4, 



(x— 12)(a;+2)=0 
a:2_i0a; — 24 = 
a:2_i0a;+25 = 49 
x — 5 = ±7 

a; = 12, or — 2 

2ar*— a; = 21 

16ar^ — 8x4-1 = 169 
4a;— l=dbl3 

4a;=14, or — 12 
a: = 5, or — 3 



4. Given 

Clearing of fractions. 
Or, 

Evolving, 
Whence, 
Dividing by 2, 

6. Given 
Clearing of fractions. 



4a; 
4a;^ -|-4a;- 



14 — a: 



= 14 



x+l 
— 14 + a;=14a; + 14 
4ar« — 9a; = 28 



4a;^ — 9a; + fJ = W 

2a; — | = zt^ 
2a; = 8, or — J 
a; = 4, or — J 



10 



14 — 2ar 



90 a;— 126+ 18 a; =22 a;2 
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Or, 


22x2— 108 a: = — 126 


Dividing by 22, 


^-«^=-ff 


Completing the squai-e, ar* — f t a; + f |f = ^ 


Evolving, 


^-H = =tA 


Wlience, 


♦ x = 3, or H 


7. Given 


a: + V5a;+10 = 8 


Transposing, 


V5a;-f-10 = 8 — a: 


Squaring, 


5a;+10 = 64:— 16a:-f-a:2 


Or, 


ar*— 21a; = — 54 


Multiplying by 4, 


4ar* — 84a; = — 216 


Completing the square, 


4a:«— 84a;+441 = 225 


Evolving, 


2a; — 21=±15 


Whence, 


2a; = 36, or 6 


Dividing by 2, 


X = 18, or 3 


8. Given 


a; + VlOar+6 = 9 


Transposing, 


VlOa:-f-6 = 9 — a; 


Squaring, 


10a:+6 = 81 — 18a: + ar» 


Or, 


a'' — 28 a: = — 75 


Completing the square. 


a;a_28a:+196 = 121 


Evolving, 


a;— 14 = ±11 ' 


Whence, 


X = 25, or 3 


9. Given 


48a;-« + 32a;-i=ll 


Multiplying by 3, 


144a;-2+96a?-^ = 33 


^'''"^(^J^J, 


144a;-2 + 96a:-i+16 = 49 


Evolving, 


12a:-i + 4 = ±7 ' 


Whence, 


12a;-^ = 3, or — 11 


Dividing by 12, 


a:-^. = i,or-H 


Hence, 


a: = 4, or — \^ 
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10. Given 81ar»— 36a; + 4= 49 

Or, 81x2— 36a: = 45 

Adding f-^Y, 81a:2-36a: + 4 = 49 

*^ \2\/81/ 

Evolving, 9a: — 2 = ±:7 t 

Whence, 9a: = 9, or— 5 

Dividing by 9, a: = 1, or — { 



11. Given 



V3a: — 5 = ^ ? 

X 

7a:«+36a; 



Squaring, 3 a: — 5 — — ^ 

Multiplying by a:, 3ar^ — 5a: = 7a:-|- 36 

Or, 3a:2_i2a: = 36 

Dividing by 8, ar» — 4 a: = 12 

Completing the square, x^ — 4a;-|-^ = 16 

Evolving, X — 2 = ±:4 

Whence, a: = 6, or — 2 

12. Given ^ + 20x = 3a:^ — 80 

Clearing of fractions, ar^ + 100 x = 15 ar* — 400 



Or, 



14x2— 100x = 400 



Dividing by 2, 7 x^ — 50 x = 200 

Multiplying by 7, 49 x^ — 350 2*: = 1400 
Completing the square, ' 49 x^ — 350 x + -625 = 2025 

Evolving, 7 X — 25 = ± 45 

Whence, 7 x = 70, or — 20 

Dividing by 7, a: = 10, or — 2f 

iQ n- a:-l , a;+3_ /x+2\ 
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Reducing the first member to 


a common denominator, 


x"— 4 




Or, 


x'+S _x+2 
x^ — 2x--3 "^ x—2 


Clearing effractions, a^—2a^-^3x—Q = x^ — 7x—Q 


Or, 


2oi^—10x = 


Dividing by 2, 


a;2 — 5a; = 


Dividing by x, 


a: — 5 = 


Or, 


x = 6 


If tbe square be completed ii 


I the usual way, we have 




4a:«— 20x4-25 = 25 


Evolving, 


2a; — 5 = db5 


Whence, 


2a; = 10, or 


Dividing by 2, 


a: = 5, or 


14. Given 


x.2_ 1,3 
2 ' S~3+5 


Clearing of fractions. 


3a;^+12 = 2a;+18 


Or, 


3a:«— 2a: = 6 


Multiplying by 3, 


9ar^— 6a;=18 


Completing the square, 


9a^—^x-^l = l9 


Evolving, 


3a; — 1 = ±VT9 


Whence, 


3a;=li:VT9 


Dividing by 3, 


ldbVT9 
^= 3 


15. Given 


'' ? = 3f 
5 — X 7 ^^ 


Clearing effractions. 


147 — 5a; + ar^=115 — 23 a; 


Or, 


a^^l8x = — S2 



Completing the square, ar*-f-18a;-|-81=:49 
Evolving, a; -|- 9 = ± 7 

Whence, x = — 2, or — 16 

12 
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16. Given ar» — 2(ta; + a^ — 52 = 
Completing the square, o^ — 2aa;4-«^ = ^ 
Evolving, X — a = zfc ft 
Wlience, a; = a it ft 

17. Given 6a: — 33 = 3a:^ 
Transposing, dividing by 3, etc., v^ — 2a; = — 11 
Completing the square, o^ — 2a: + l= — 10 



Evolving, 


a:— 1=±V— 10 


Whence, 


a:=l±V— 10 


18. Given 
Clearing of fractions, 


1 _1 , 1 1 1 


a-j-&-j-ar a } h ^ x 



a 6a; = a fta:-|- ft^a;-|- ft a:^+ ^*^~l" ^ ^^4" ^^4" ^' ^"f" ^ ^*4" ^ ft * 
Or, (a + 6) a:2_|_ (^2^ 2 aft + ft^) x = — aft (a + ft) 

Dividing by a -f- ft, a:^ -|- (a -f- ft) a: = — aft 

Compl. square, a:^ + (a + ft) a: + ( — y- ) = ^ 

•n. 1 . I ^+ft . « — ft 

Evolvmg, a: + -^ = ± -g- 

Whence, a: = ""^~ 7^^^ ^ 

Qp, ^ a: = — ft, or — a 

The first "l^t of the above operation may be abbreviated a 
little, as follows : 

Transposmg, ____- = . + - 

Eeducing the fractions in each member to a common denominator, 

--(a + &) _ a + 5 
{a-\-h-\'Q^x ah 

Dividing by a +6, _J=±_ = ^ 

Whence, a*-}- (« + &)« = — «* 
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19. Given ar»— 2aa:+ 5^ = 

Transp. and compl. square, ar* — 2aa:-f-a' = a* — ^ 

Evolving, - a:. — a = zt Va^ — 5^ 



Whence, a? = a zt Va^ — ^ 

20. Given -r-^^ — r-^ = - 

3a — 2x 4 

Clearing of fractions, Sax — 8ar* = 3a^ — 2 ax 

Whence, Sa:^— 10 ax = — 3 a^ 

Multiplying by 8, 64 ar» — 80 a a; = — 24 a^ 

Compl. the square, Qix^ — S0ax-\-25a^ = a^ 

Evolving, 8a; — 5a = zt« 

Whence, 8 a:.= 6 a, or 4 a 

Dividing by 8, x = — , or - 

21. Given 6a:+?^=^ — 44 = 

* X 

Clearing of fract, 6a:2-|-35 — 3ar— 44ar = 

Or, 6ar^ — 47a: = — 35 

Multiplying by 24, 144 ;^ — 1 1 28 a: = — 840 

Compl. the square, 144 ar^ — 1 128 a: + 47^ = 1369 

Evolving, 12 a; — 47 =±37 

Whence, 12 a; = 84, or 10 

Dividing by 12, a; = 7, or |f 

22. Given 3 a; = 10 + ^ 

Clearing of fractions, 1 2 a; = 40 + a:^ 

Or, ar»— 12a; = — 40 

Compl. the square, a^ — 12a;+36 = — 4 
Evolving, X — 6 = ± 



Whence, a; = 6 ± 2 V— 1 
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23. Given ^(a^ — 3)='- 



8 



Clearing of fractions, etc., Gaj^ — 18 = a: — 3 

Or, Qx^—x=15 

Dividing by 6, x^ — ^x = ^ 

Completing the squai-e, a^ — e ^ + xi? = Hi 
Evolving, X — A = ± il 

Whence, ar = f , or — \ 

24. Given x'—Aax-\-a' + l^ = 
Compl. the square, a^ — 4aa;-j' ^^* = 3 a^ — i^ 



Evolving, a: — 2a = zfcV3a2 — ^ 

Whence, x = 2a± VSa^— ^ 

25. Given 3a;_^+3 = 14 

Clearing of fractions, etc, 12 a: — ar^ =: 44 

Completing the square, x^ — 12a;-f-36 = — 8 

Evolving, a; — 6 = ± V— 8 

Whence, a: = 6 ± V— 8 

26. Given a^-\'bx'^cx=:a^ — ah-^ac — be 
Completing the square, 

Evolvmg, X 4 — ^ = db 2~^ 

Whence, ,^-^-o± (2a-6+o) 

Or, a; = a — 5, or — a — c 

«- ^. , n , Sa^a: 6 (i»4-a6 — 2Z>" J^a; 

27. Given ah^i^A = ' — r 

^ c <r c 

Clearing of fract,, ahc^x^'\'^a^cx=:z^a^'\'ah—2l^ — l^ ex 
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• 

Or, ahc^x^-\'(3a'c'{-l^c)x=Qa^+ab—2I^ 

Multiplying by Aab, 

Completing the square, 

4a252cV+4aJc(3a2-f.52)a;+.(3a2+i2)a 

= da^-^2ia^b+10a%^—8ab^+b^ 

Evolving, 2aft(7ar+3a2+52 = db(3a2+4a5— ^2^ 

Whence, 2abcx = — 3a^—b^±{3a^+iab—b^) 

Or, • 2abcx = 4ab—2I^,OT — (Qa^-^4:ab) 

T^ .,. , ^ , . * 2a — & Ba+2b 
Dividing by 2 a oc, x = , or jj — 

28. Given 3i^ — Sxz=U 
Completing the square, ar^ — 8a;+l^ = 3^ 

Evolving, a; — 4 = ± VSO = zb 5.4772 

Whence, a; =^.4772, or — 1.4772 

29. Given (7— 4V3)a:2+(2— V3)a:=2 

Dividmgby7 — 4V3, a^+ ^"^^% = — ^-j=. 

Or (Arts. 250, 25l), x« + (2 + VS) x = 2 (7 + 4 V3) 

Completing square. 

Evolving, X + H±^ = ± 1(7 + 4 VS)* 

Or (Art. 265), a; + i(2 + VS) = ± |(2 + V3) 

Whence, a; = 2-1-V3, or— 2(2-l-V3) 

30. Given x±a x^^^ 

Clear, of fract.,a;34-2aa;+o2+a;2_4aa;+4a2 = ic2—aar—2a2 
Or, a;^ — ax=, — 1 a^ 

12* 



138 KEY TO HIGHER ALGEBRA. 

Compl. the square, 7^ — ax-\-rr'= j— 

Evolving, a: — | = ±|V— 27' 

Whence, a: = | (1 ± V— 27) 

PROBLEMS 
LEADING TO AFFECTED QUADRATIC EQUATIONS. 
(Pp. 217-221.) . 



2. Let 




X = one number, 


and 




15 — a; = the other. 


Then, 




a:2^(15_a.^9_117 


Or, t^ 


' + 


225 — 30a; + ar^ = 117 


Whence, 




2ar^ — 80a; = — 108 


Or, 




a:»— 15a: = — 54 


Compl. the square, 




;^—\bx-\-^\^ = \ 


Evolving, 




a: — Jj^ = ±| 


Whence, 




a: = 9, or 6 


Then 




15 — a:=*6, or9 


3. Let 




x = no. cords in one. 


and 




26 — a: = no. cords in other. 


Then, 


^ 


+ (26 — a:)2 = 356 


Or, a:2 + 


67e 


; — 52ar+ar2 = 356 


Whence, 




2ar» — 52a: = — 320 


Or, 




ar*— 26 a; = —160 


Compl. the square. 


X^' 


-.26ar+169 = 9 


Evolving, 




a:— 13 = ±3 


Whence, 




a:=i= 16, or 10 


Then, 




26 — a; =10, or 16 
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5. Let X = the number bougbty 

and — = cost per bead. 



Then, {x — S)(j^ + s\ = 240 + 59 

Or, (a? — 3) (240 + 8 a;) = 299 a: 

Developing, 8 a:^ + 21 6 a: — 720 = 299 a; 

Or, 8ar» — 83a; = 720 

Dividing by 8, ar» — ^- a: = ^SL 

Xlompl. the square, a^—&^-x-^({ J)^ = HU^ ^ 
Evolving, a: — f J = zt W 

Wbenee, a; ==: 16, or — ^ 

» 
6. ^ Let X = width of frame, 

Then 18 -j- 2 a; = length of glass incl. frame, 

and 12 -|- 2 a: = width of glass incl. frame. 

Therefore, (18 + 2a;) (12 + 2a;) = 2X 18 X 12 

Developmg, 216 + 60 a: + 4 a;^ = 432 

Or, 4ar»+60a; = 216 

Dividing by 4, a;^ 4" 15 a; = ^^^ 

Compl. square, a:^ + 15 a; + ^f^ = ^^ 

Evolving, a: -f Y =^ ± ^ 

Whence, x = 3, or — 18 



7. Let 




X = cost of the flo 


and 




ioa = *''''«*""• 


Then, 


»'+i?o-3^ ■ 


Clearing of fract., 




a:2_|-. 100 a; = 3900 


Com))l. the square. 


^+ 


100a;+2500 = 6400 


Evolving, 




a; + 50 = ±80 


Whence, 




X = 30, or — 130 
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8. Let X = the larger number, 

and X — 9 = the smaller nmnber. 

Then, (2 a; — 9) a; = 266 

Or, 2ar»— 9a; = 266 

Multiplying by 8, 1 6 x'* -- 72 a: = 2128 
Compl. the square, 16a:«— 72a; + 81 = 2209 

Evolving, Ax — 9 = ± 47 

Whence, 4 a; = 56, or — 38 

' Dividing by 4, x= 14, or — 9J 

Then, a?— 9 = 5, or — 18^ 

9. Let X = A's principal, 

and 2600 — a: = A's gain. 

A's gain will be to B's gain as 12 a: to 16 X 3000, or as a: t6 4000; 

10400000 — 4000 a; ^, 
hence = B s gam. 



rru r ocnn i 10400000 — 4000 x .^^^ 
Therefore, 2600 — x-\ = 1800 

Or, 2.600 x—x'^ 10400000 — 4000 x = 1800 x 

Reducing, a^ + 3200 x = 10400000 

Compl. square, ar'^^- 3200 a: +(1600)2 = 12960000 

Evolving, ar + 1 600 = ± 3600 

Whence, x = 2000, or — 5200 

10. Let X = no. barrels bought, 

72 
and — = price paid per barrel. 



72 72 ■ ■ 
By the conditions, — r- r = 1 

Clearing of fractions, 72 a; = 72 a; + 432 — a:^ — 6a? 

Or, ar2-f6a: = 432 

Compl. the square, a^-^Qx-^d == Ml 
Evolving, aj 4- 3 = ± 21 
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11. 



Whence, 
Also, 

Let 
and 

Then 



a:=18, or— .24 
3 



72 . 
— = 4, or 



and 



X = side of the court, 
x^ = area of the court. 

"^ = breadth of walk, 
o 

— ^t_ = side of court, inch walk, 

3 

4 o: = perimeter of court. 



Therefore, 



Reducmg, 

Clearing of fract, 

Or, 

Multiplying by 7, 



(i^y_:«. = 4«: + 164 
I^yii?£±i = 4. + 164 



7ar»+16a:+ 4 = 36a:+ 1476 
7a:2 — 20a;=1472 
49a:2— 140a;=10304 
CompL square, 49 a:^ — 140 a: + 100 = 10404 
Evolving, 7 a; — 10 = ± 102 

Whence, 7 a: = 112, or — 92 

Dividing by 7, a: = IG, or — 13| 

Squaring, x" = 256 

The aBove solution will involve smaller numbers if a: is used to 
represent the breadth of the walk, and 6 a: — 2 the side of the 
court. This will produce the equation 7a:^ — 8a: = 39, from 
which a: = 3. 



12. 



X 

fob' 



: rate of income tax. 



Let 

and 10 a: = am't of income tax. 

Then (1000 — 10a:) (-j^ ) = V't of second deduction. 
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Therefore, 1000 — 1 a: — 
Clearing of fractions, g 



(100— a;)(a:— 1) 
10 



912 



10000 — 100 a: 
Or, 

Completing square. 
Evolving, 
Whence, 



— 101 a: + 100 + a:^ _ 9120 

ar* — 201 a: = — 980 
3^2 _ 201 a; + ^i^^ = ai|4i 

x= 196, or 5 



It is evident that 196 per cent, is inadmissible, as that would 
require me to pay nearly twice my whole income as an income 
tax.' 

The above equation may be made to take a simple form by 
remembering that after the first deduction there is left (100 — x) 
per cent of $1000, and after the second (101 — x) per cent, of 



the previous remainder ; hence, 



(100 — a:) (101 --ar) _ 



10 



912, which 



reduces to the same form as before. 



13. Let 

^d 

Then, 
Compl. square, 
Evolving, 
Whence, 
Therefore, 



14. 

Therefore, 
Or, 



Let 
and 



X = no. hills in breadth, 
x-{-75 =z no. hills in length. 
a;2 4-75a:=G250 

ar + -V-=±H- 

X = 50, or — 125 
a; + 75 = 125, or — 50 

X = no. persons at first, 
X — 2 = no. persons afterwards. 
6300^6300 ^^(j 
X — 2 X * 

X — 2 X ' 



Clearing of fractions, 63a:=63a; — 126 + 2a:^ — 4* 
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Or, 


2a:«_4a:=126 


DivitJing by 2, 


a:» — 2a: = 63 


Completing square, 


a:3_2a:4-l = 64 


Evolving^ 


x—\ = ± 8 


Whence, 


a: = 9, or — 7 


15. Let 


X = no. in front at firet, 


and 


X -\- ^ •=• ViX\> in depth at first. 


Then 


a:^ -|- 6 0? = whole no. men. 


and 


X -|- 870 = no. in front at last 


Therefore, 


a:2_|_6^_4(3._j_870) 


Or, 


a:2-|_2a;=:3480 


Compl. square, ^ 


+ 2a: + l = 8481 


Evolving, 


a:+l = ±59 


Whence, 


X = 58, or — 60 


Therefore, 


a:a + 6a; = 3712 


. 16. Let 


X = side of smaller, 


and 


a: -|- 4 = side of larger. 


Then, 


a:2^(a,_|.4)i^208 


Or, 


2ar^-f8a;+16 = 208 


Transp. and div. by 2, 


a:2_|_4a,_96 


Completing square. 


a:2^4^_|.4_100 


Evolving, 


;r + 2 = ±10 


Whence, 


a? = 8, or — 12 


Then, 


a;+4=12, or — 8 


Therefore, 


(a: + 4)2 — ar^= 144— 64 = 80 


17. ' Let 


X = breadth, in rods. 


and 


2 a; = length, in rods. 


Then 


2 ar^ = area, in rods. 



Therefore, (2 a; + 20) {x -f 24) = 4 x^ 
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Developing, 


2a:«+68x + 480 = 4ar» 


Or, 


2a:«— 68a? = 480 


Dividing by 2, 


ar» — 34a:=240 


Compl. square, 


aJ»_34a: + 289 = 529 


Evolving, 


a:— 17 = ±23 


Whence, 


X = 40, or — 6 


Therefore, 


2ar» = 3200 


' 


3200 sq. rods = 20 acres. 


18. Let 


X = width of walk. 


Then 


6 a: — 1 = side of the court, 




(6 a: — 1)* = area of the court, 


and 


24 a: — 4 = perimeter of court. 


Also (24 


X — 4) a;-j- 4a:* = area of walk. 


By the conditions, 


28ar» — 4a: = 24a:— 4 + 340 


Or, 


28a:* — 28a: = 336 


Dividmg by 28, 


a:* — a:=12 


Compl. square. 


«^-«^+i = ¥ 


Evolving, 


a:-i=±5 


Whence, ♦ 


a: = 4, or — 3 


Also, 


(6 a:— 1)* = 529 


This problem may also be solved in the same manner as the 


11th. 




19. Let 


2 a: = no. bushels barley. 


and 


X — 4 = its price per bushel. 



Then, 54a: + 2a(a;— 4) = 10 (54 + 2a:) + 576 

Or, 54a: + 2a:*— 8a: = 540 + 20a: + 576 

Transp. and uniting, 2ar* + 26a:=1116 
Dividing by 2, ar* + 13 a: = 558 

Compl. square, • a:^ + 1 3 a: + ija = ^^i 
Evolving, a: + Jj^ = ± ^- * 
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Whence, 


ar = 18, or — 31 


Therefore, 


2a: = 36 


Also, 


a: — 4 = 14 




14 dimes — $1.40 


20. Let 


X = side of the smaller, 


and 


a; -}- 1 = side of the larger. 


Then, 


a:3 4.(a:+l)2=85 


Or, 


2«»4.2a:4-l = 85 


Whence, 


a:a + a: = 42 


CompL square, 


a^+«^ + i = M^ 


Evolving, 


^ + i=±¥ 


Whence, 


a: = 6, or — 7 


• Alflo, 


a: + l = 7, or— 6 




iwm; H^X$1.75 = 


: $56.70. 



7* -f- JJ = ^^yL = no. yards of carpeting required for larger 
room; ^ X $1.75 = $77.17^. 

EQUATIONS IN THE QUADRATIC FORM. 

(Arts. 282-284, pp. 221-228.) 

3. Given • a?* + 4a:«=117 

Completing the square, a:* + 4 a^ -|- 4 = 121 
Extracting square root, x* + 2 = ± 1 1 

Whence, a:* = 9, or — 13 

Extracting square root, a: = ± 3, or ± V — 18 



4. Given 
Completing square. 
Extracting sfflyire rfK>t, 



s^lfir 



«-4_9ar24.20 = 
a;-4_9ar«4-V> = i 
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Whence, ar* = 5, or 4 

ExtractiDg square root, ar^ = ± V5, or ± 2 

Therefore, , a = ± -p, or ± J 

Or, ar=±tV6,or±J 

5. Given a:»«4-31a:»— 10 = 22 

. Multiplyuig by 4, etc, 4 a^^ + 124a:» = 128 
Completing square, 4 o^ + 124 a:* + 961 = 1089 

Extracting square root, 2a:*-|"^l = i^^ 

Whence, 2 a:* = 2, or — 64 

Dividing by 2, a:* = 1, or —32 

Extracting fifth root, a; = 1, or — 2 

6. Given 81a:«4-ar«=82 

Adding 18,. 81 a:« + 1 8 +ar^ = 100 

Extracting sq. root, 9a;+ar* = ±10 

Multiplying by a?, 9a:^+l = zfclOa: 

Or, 9a:«=Fl0a: = — 1 

Adding (-i^y, 9a:«=Fl0a:+V = V 

Extracting square root, 3 x =p § = ± f 

Whence, 8a: = ±f±f=db 3, or ± J 

Dividing by 3, « = =t 1> or ± J 

The above example may also be solved like the 3d, after multi- 
plying tRe given equation by a^. 

7. Given a*+i^— 14 = 60 

^ , , 1226 _. 

Or, a5«+-^ = 74 

Adding 2 (««)* (1225 ar»)* a* + 70 + ij^ = 144 

*' 35 
Extracting square root, « a; -j- — - = ± 12 
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Multiplying by a?, ar» + 35 = i 12 a: 

Or, ar»=Fl2a: = — 35 

Completing square, a!:*=Fl2a?-|-36 = l 

Extracting square root, a: =F 6 = =t 1 

Whence, a: = ± 6 ± 1 

Or, a: = ± 7, or it 5 

t 

IS the ^ven equation be multiplied by x^y it reduces to 
4 _ 74 ar» = — 1225, vhich is readily solved like the 3d. 

8. Given a:«4-20a:«— 10 = 59 

' Completing square, a;* + 20 a:* + ^^^ = 1 ^^ 
Extracting square root, a^' + l^^il^ 

Whence, a:' = 3, or — 23 

Extracting cube root, x = V 3, or V — 23 

9. Given 3 a:^!. _ 2 a:» == 25 
Multiplying by 8, 9 a:^. _ g ^^ _ 75 
Completing square, . 9 V* — 6 ai* -|- 1 = 76 
Extracting square root, 8 ai* — 1 = ± V76 
Whence, 3a:» = 1 i 2 Vi9 

Dividing by 3, a:» = ^ =fc ^^^^ 

Extracting nth root, x = y/ lzfcgy^ 

V 3 

12. Given 3a:* — ^ = — 592 

Clearing of fractions, etc, bx^ — 6 a;^ = 1 184 

Multiplying by 5, 25 x^ — 30 a;* = 5920 

Completing square, 25 a;* — 30 a;* + 9 = 5929 

Extracting square root, ba^ — 3 = =t 77 



4 
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Whence, 5 a* = 80, or — 74 

Dividing by 5, x^ = 16, or — ^ 

Raising to |th power, a; = 16*, or ( — .^)* 

Or, a: = 8, or ^(— ¥)* 

18. Given ai?—x^ = 6Q 

Completing square, x^ — a:* + i = ^ J^ 

Extracting square root, «* — i = it: -V 

Whence, «^ = 8, or — 7 

Raising to fd power, x = 8^, or ( — 7)^ 

Or, a; = 4, orv'iQ 

n 

14. Given oi* — 2aa^=ib 
Completing square, oi* — 2aa:8+a^ = a*-{-6 

Extracting square root, a^ — a = ± Vo^+T 

Whence, x^ z=ia-:jz V a* -|- ^ 

2 / ^ 

Raising to ^th power, X7=:{a-±2 Va^ + ^)* 

15. Given VS^— 2Va— « = V« * 

Dividing by VJ, a: — 2 — Vi = 

Or, a— a;« = 2 

Completing square, x — ar^ -f- i = t 

Extracting square root, a;* — J =z= i J 

Whence, a;^ = 2, or — 1 

Squaring, x = 4^ c»: 1 
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16. Given 


4. + SJI sji . 


Clearing of fractions, 


2a;+2Vi=16 — a: 


Or, 


^ 3a; + 2Vi=16 


Multiplying by 3, 


9«+6a:^=48 


Completing square. 


9a:+6a:*+l=49 


Extracting square root, 


3ari+l=±7 


Whence, 


3 a;* = 6, or — 8 


Dividing by 3, 


a:*=2,or_f 


Squaring, 


a; = 4, or ^ 


17. GivTen 


a:* + ar* = 756 


Completing square^ 


a;*4-a;^ + J — ai^A 


Extracting square root. 


a^*+i = =t¥ 


Whence, 


a;* = 27, or — 28 


Raising to |d power. 


X = 27^, or (— 28)* 


Or, 


a; = 243, or— 28* 


18. Given* 


6 '' 1 


^ %^« ^^ A V ^AA 


a:— 6 20 


Multiplying by 5, 


8v/J— 10_1 
a: — 5 4 


Clearing of fractions. 


12V5 — 40 = a;— 5 



Or, ar— 12Va:== — 35 

Completing square, a; — ^ 12 Vi -|- ^6 = 1 

Extracting square root, ^/x — 6 = it 1 

13* 



150 KEY TO HIGHER ALGEBRA. 





Whence, 
Squaring, 


Vi=:7,( 
a: = 49, 


or 5 
, or25 

:10 — 


4V^ 






22. Given 


16 — 7ya: + 16 = 


+" 


16 


Or, 


x+ 


16_8Va:-f 16 = 


:10 








Compl. square 


, («+16)- 


-8(a5+16)i+i = 


= ¥ 








Extracting sq. root, 


(^+16)*-} = 


= ±i 








Whence, 

Squaring, 

Whence, 




(3^+16)* = 

a; 4-16 = 

x = 


: 5, or ■ 

: 25, or 

9, or- 


— 2 
4 
-12 







The above equation may also be solved like the 7th, Art 280. 

23. Given 9a;+VT6^+36?= 15ar» — 4 

Or, 4+9a:+2a:(4 + 9a:)4^= 15ar» 

Compl. square, (4+9a;)+2a:(44-9a:)^+a:^= 16a:« 

Extracting sq. root, - (4+ 9 xy-^-x = ± 4 x 

Whence, (4 + 9 a:)*^ = 3 x, or — 5a: 

Squaring, 4 + 9a: = 9 ar*, or 25 a:* 

From the positive root 

Transposing, etc., 9 a:^ — 9 a; = 4 

Multiplying by 4, 36 a:^— 36 a; = 16 

Adding (-^Y, 36ar»— 36a:+9 = 25 

Evolving, 6 a; — 3 = ± 5 

Whence, 6 a; = 8, or — 2 

Dividing by 6, a? = J, or — ^ 
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From the negative root. 
Transposing, etc., 25 a:^ — 9 a: = 4 

Evolving, 6 «— A = ± ^ 

' TV>ence, 5a; = i±V^ 

10 

Dividing by 5, ar = ^=^V^^ 

24. Given a?(a;«-4)-«+^ = ?^ ' 

Multiplying by (*«— 4)», a:« + 6 (««— 4) = ^" 25 J" ^^* 

Or, 7«:»-24 = ?£ig=ii* 

Clearing of fractions, etc., 





175«*— 600 «« = 351«*— 2808 ar»+6616 


Or, 


176a^— 2208 ar' = — 5616 


Dividing by 16, 


llo^— 138a:» = — 351 


Dividing by 11, 


a* Ji^««= s^ 


Compl. square, 


«*-Wa^4-¥5l^^W 


Extracting sq. root, 


. t^-i\=±^ 


Whei^ce, 


«" = 9, or Jf 


Evolving, 


a: = ±3, or±Vff 


Or, 


X = ± 3, or ± ^ V429 



25. Given «*+2aa»+5a3a:2_j_4^8jp _ ^ 

Or, {x'-\-axy + 4.a'{x'^ax) = d 

CompL square, (a:^+aa;)2+4a2(ar* + aa;) + 4a* = 4a*4-rf 
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Extracting sq. root, aj*-j-aa;-|-2«* = ± V4a*-f-^ 
Transp. and mult. by 4j 4ir2+4aa:==— 8a^=t4V4o*+rf 
Compl. square, 4a:*-j-^^*+«* = — 7a^i: 4V4o*+^ 
Evolving, 2 «+ « = ± V^— 7a2±4v'4a*-l-rf 

Whence, 2 a? = — a zb V^— 7a2±4v^4aq=5 

Or, a; = — |=b j^^^^T^^i^^^ 



26. Given a:*— 8ar»+19a?-.'l2 = 
Multiplying by «, a^~ 8 a:»-f 19 ar»— .\2 ar = 
Or, (a?— 4a;)a+3(ar» — 4a:)=:0 
Compl. square, (a* — 4 a;)^ + 3 (a:* — 4 a:) + f = t 
Extract, square root^ ar'-^4a; + |=:±f 
Whence, a^-r^ix = 0, or — 3 

From the positive root 
Transposing, «^ = 4 a; 

Dividing by a?, a? == 4 

I'rom the negative root 
Completing the square, aP — 4a;-|-4 = l 
Evolving, ^ X — '2 = ± 1 

Whence, a: = 3, or 1 

» 

27. Given 2x!^-\'Sx—5V2x!^'[-Sx-\'9=z^S 
Adding 9, (2ar»+3a;+9) — 5(2ar*+3x+9)*= 6 
Compl. sq., (2a:«+3a;+9)— 5(2ar^+3a:+9)*+i^ = ^ 
Ext. sq. root, (2 ar^-j- 3a;+9)^— f = d=J 
Whence, (2ar*+3a;+ 9)* = 6, or — 1 
Squaring, 2ar'+3a:4-9 = 36, or 1 
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Or, 2a;2-|-3a: = 27, or — 8 

Mult by 8, 16ar» + 24a: = 216, or — 64 

CVmpl. square, 16ar»+24ar+9 = 225, or — 55 
Evolving, 4a:+ 3 = ± 15, or =t ^^— 55 

Whence, 4ic=12,or — 18,or — 3zfcV— 55 

Dividing by 4, x — 3, or — |, or ""^^^~^^ 

28. Given "^ VCr + a:)^— VT=^ = V(l — «)« 

Dividing by V^OIT^ (i±|)^ _ (1±|)A = i 

Compl. square, Vl^/" (.1^/ +4 = 4 

Extract, square root, (j-3^)"* — » = it: i V5 

Baising to mth power, -^ = I — g^/ 

Clearing of fract, 2"' + 2» a: = (1 ± Vs)"— a: (1 ± V5)» 

Transp., etc, [(1 ± V5)'"+2"] a; = (1 ± VS" — 2~ 

,„ (1 ± *'5)"— 2"' 

Whence, »,= _____ 

SIMULTANEOUS EQUATIONS INVOLVING 
QUADRATICS. 

CASE L • 

(Art. 287, pp. 229, 230.) 

(2ar'+a;« — 5««=20 (1) 

2. Given < J ^ , )' 

\ 2x — Zy = 1 (2) 

From (2), a:=?i^' (3) 
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2 



sy'+y 



•5^ = : 



Substituting (3) in (1), ^ i 2 

Clearing effractions, 9y*4-6y+l4-3y*+y— 10y« = 40 
Uniting terms, 2y*+7y=39* 

Dividing by 2, y».+ Jy = ^ 

Completing tbe square, y*4" i^ 4" ft = W" 

Evolving, y-|-} = -tV 



w nence, 
Substituting in (3), 


• 


y == o, or — oj 

X = 5, OP 9;J 


3. Given 






1 
(1) 

(2) ! 

(3) 


Clearing (1) of fractions. 


8x-fl = 2x+y 


Or, 




y = x+l 


(4) 


Clearing (2) of fractions. 




2x-\-2!f = ia^—xy (5) 


Or, 


4a»- 


-xy— 2x=2y 


(6) 


Substituting (4) in (6), 


4a*— a«— a:— 2ar = 2x4-2 




Or, 




8x«— 6x = 2 




Dividing by 3, 




x«-#x = f 




Completing tbe square, 


a:«- 


-Jx + M = Ji!' 




Evolving, 




a!-| = =fcj 




Whence, 




X ::^ 2, or — 


i 


Substituting in (4), 




y = 8, or } 






CASE 


n. 


• 


# 

(Abt. 


288, pp. 


230, 231.) 




2. Given 


8y«— a? = 89 
a:» + 4a:y = 256 — 4»« 


0) 

(2) 


Let 




y = »x 


(3) 


Substituting in (1), 


Sw'ar' 


— x» = 89 


(4) 
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Substituting in (2), 




a!»+4r«» = 256— 


4»*a!» (5) 


From (4), 




««=: "* 


(6\ 


"^— 8t>»^ 


1 ^"^ 


From (5), 

Hence, 

Clearing of fract^ 
Or, 


156 1 


x»= ^''^ m 


89 296 


i»-|-150t^-(- 39 = 76817* 
612t)»^156r = 295 


lo-)-l 
— 256 


Dividing by 612, 
CompL square. 
Evolving, 
Whence, 

Substituting in (6), 
Evolving, 
Substituting in (3), 
Or, 


t^- 


x' = 36, or 10404 
a; = ± 6, or ± 102 

y = «(±6),or-^,(±102) 

y = ± 5, or qp 59 


. 8. Given 




f2«»+8ary=26 
]3y'-\-2xjf=39 


(1) 
(2) 




FIBST SOLUTION. 




Dividing (1) by (2), 


«(2a;4-3y)_26 
y(2x-|-3y)~89 


(3) 


Or, 




X 9 

y~3 


W 


• Whence, 




3x 


(5) 


Substituting in 


(1). 


2«» 4-^=26 




Whence, 




13 a:* =52 




Dividing by IS 
Evolving, 
Substituting in 


1, • 


x = ±2 
y = d38 
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SECOND SOLUTION. 

Let y = vx (3) 

Substituting in (1), 2 a:* + 3 v a5 = 26 (4) 

Substituting in (2), 3 1?« a:^ + 2 1? a:^ = 39 (5) 

Fr«n(4). '^ = r^, («) 

From (6), ^ = s^v <^^^ 



Hence, 
Or, 



26 %9 



2 3 



8i; + 2~3t^+2t; 
Clearing of fractions, 6t;*-|"^*' = ^*'~h^ 

Or, 6t;^ — 5v = 6 

Div. by 6 and compl. sq., w* — f ^+t% = iff 
Evolving, v — ^ = =t If 

Whence, v =e |, or — J , 

Substituting in (6), ar' = 4, or oo 

Evolving, a; == i: 2, or ± 00 

Substituting in (3), y = it: 3, or =F oo 

The above equations may also be solved hj finding the value of 
X, in terms of y, in (2) and substituting that value in (1). After 
.developing the various expressions, clearing of fractions,-and re- 
ducing, it will be found that ^ disappears from the equation, and 
thus it becomes a pure quadratic, in which y^ = 9. 

4. Given \^ + ^y + ^f=^^ (D 

I 3ar'4-8y»=14 (2) 

Let yzzzvx (3) 

Substituting in (1), 3(?^vx^-\' 4t?2ar» = 6 (4) 

Substituting in (2), 3ar»-f8t^ar^=14 (5) 

From (4), ^ = 1+4^? ^^^ 
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From (5), 




aP '^ (7) 


^— 3+8r« ^'^ 


£[6DC6« 




14 6 




8 + 8r" l+v + ^1^ 


Or, 




7 8 


B + Sv" l4-i; + 4»» 


Clearing of tract, 


74-7^ + 28 r^ = 9 + 24tra 


Or, 




4v« + 7v = 2 


Dividing by 4, 




^ + iv = i 


CompL the square, 


v" 


' + i^ + H = H 


Evolving, 




t^+i=±ft 


Whence; 




v = i,or — 2 


Substituting in (7), 




. ar* = 4, or J 


Evolving, 




a: = ±2, ordriVlO 


Substituting in (3), 




y = =tJ,or=F»VlO 




CASE m. 


(Arts. 


2S9, 


290, pp. 231-235.) 


5. Given 




(0^ + ^ = 36 (1) 
\x + y=5 (2) 


Dividing (1) hj (2), 




a^-xy-\^f=7 (3) 


Squaring (2), 


(4), 


a^+2xf,+f = 25 (4) 


Subtracting (3) from 


3a:|^=18 (5) 


Whence, 




xy=Q (6) 


Subtracting (6) from 


(3), 


x' — 2xy + f=l (7) 


Extr. square root of 


[7), 


x—y=± 1 (8) 


Equation (2), 




» + y = 5 


Adding (2) and (8), 




2 a: = 6, or 4 


Subtracting (8) from 


(2), 


2 y = 4, or 6 


Whence, 




X = 3, or 2^ 


Also, 




1^ = 2, or 3 


14 
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6. Given ^ + ^ = 20 (1) 
\ a^ — f=12 (2) 

Adding (1) and (2), 2 ar» = 32 

Whence, a:^=16 

Evolving, a: = ± 4 

Subtracting (2) from (1), 2f = S 

Whence, ^ = 4 

Evolving, y = -t 2 

7. Given ^x + .h^+y=l9 (1) 

( x' + xy+fz^lBB (2) 

Dividing (2) by (1), a: — a^y* + y = 7 (3) 

Adding (1) and (3), 2a:4-2y = 26 (4) 

Or, a;+y = 13 (5) 

Squaring (5); ar* + 2 a:y + y» = 169 (6) 

Subtracting (2) from (6), xt/ = 36 (7) 

Multiplying by 4, 4a?y=144 (8) 

Subtracting (8) from (6), oi? — 2 xy-j-y^^z 25 (9) 

Extract, sq. root of (9), x — y = i 5 (10) 

Adding (5) and (10), 2ar = 18, or 8 

Subtracting (10) from (5), 2y = 8, or 18 

Whence, a, _^^ 01.4 

Also, y _ 4^ oj. 9 



8. Given 

3 



I s"^^ B^~^ (1) 

\\^ + \^=3 (2) 

Subs. V for 'V^and f t;*-f. «» = 9 (3) 

2 for 'V^ ( tr -f- 2f = 3 (4) 

Dividing (3) by (4), v^ — vz-^z^ = 3 (5) 

Squaring (4), t;^-f-2t;g + 2^ = 9 (6) 

Subtracting (5) from (6), 3vz=e (7) 
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Whence, 


VZ=:2 (8) 


Subtracting (8) from (5), 


v^^2vz + z^=zl (9) 


Extracting sq. root of (9), 


v — z = ±:l (10) 


Adding (4) and (10), 


2 1? = 4, or 2 


Whence, 


a:3=t; = 2, or 1 


Cubing, 


a: = 8, or 1 


Subtracting (10) from (4), 


22? = 2, or 4 


Whence, 


y^=zz:=: 1, OT 2 


Cubing, 


y = 1, or 8 


9. Given i ' 


^+^+a:+y=18 (1) 
xy=z6 (2) 


Multipl7ing\2) by 2, 


2a;|^=12 (3) 


Adding (1) and (3), (x+yy+ {x+y) = 30 (4) 


Compl. square, (3^+^)'+ (^+!f) +i = H"^ (5) 


Extr. sq. root, 


^+y+h = ±'^ (6) 


Whence, 


a:+y = 5, or — 6 (7) 


Squaring (7), 


a:3 4.2a:y+y« = 25, or 36 (8) 


Subtract. (2) X 4 from (8), 


a:^ — 2a:y+y«=l,orl2 (9) 


Extracting sq. root of (9), 


a?— y=± l,orzb2V3 (10) 


Adding (7) and (10), 


2a;=6, or4, or — 6±2V3 


Subtracting (10) from (7), 


2y = 4, or 6, or — 6=F2 V3 


Whence, 


a: = 3, or 2, or — 3 =t V3 


Also, 


y = 2, or 3, or — 3 qp V3 


10. Given 


(a? + f/'-x-y=lS (1) 
xy + x + y=19 (2) 


Mult (2) by 2, 


2x^ + 2 (a: + y)= 38 (3) 


Adding (1) and (3), 


(^ + yr+(^ + y) = 56 (4) 


Completing the square, (a: -f y)* + (a; + y) + J = ^Ji (5) 
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Extracting square root, a? + y + 4 = ±'V X^) 

"Whence, . a:-|-y=^7, or — 8 (7) 

Subtracting (7) from (2), xy = 12, or 27 (8) 

Squaring (7), a^ -4- 2 a:y + ^ = 49, or 64 (9) 

Subtr. (8) X 4 from (9), a:«— 2 3:5^ + ^^ = 1, or — 44 (10) 

Extr. square root of (10), a: — y=±l, ordzS V— 11 (1 1) 

Adding (7) and (11), 2 x = 8, or 6, or — 8 ± 2V— 11 

Subtracting (11) from (7), • 2y = 6, or 8, or — 8 =F 2V— 11 

Whence, a; = 4, or 3, or — 4 ± V— 11 

Also, y = 3j or 4, or — 4 =F V — 11 

11. Given ?.^+3.+5. = 73-,2., (1) 

V +3y+^ = ^^ (2) 

Adding (1) and (2), a:«+y24-4x+4y = 117 — 2a:y (3) 
Or, (x-^yy^4{x+y) = n7 (4) 

Compl. square, (« + y)« + 4 (a: +y) + 4 = 121 (5) 

Extr. square root, a:+y-f-2 = zbll (6) 

Whence, a: + y = 9, or — 13 (7) 

From (7), x = 9— y, or — 13— y (8) 

Substituting (8) in (2), y2+ 2y = 35, or 57 
Completing square, y^-h 2 y -j- 1 =36, or 58 
Evolving, y-j- 1 = -t 6, or ±\/58 

Whence, y = 5, or — 7, or — 1 ± V58 

Substituting in (8), a: = 4, or 16, or — 12 ::? V58 

Promiscuous Examples. 
(Art. 291, pp. 236, 237.) 

. r.. fa; —y =3 (1) 

1. Given < 

\oi^+f=n7 (2) 
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Squaring (1), ^ x'—2xy-\-f=i=:9 . (3) 

Subtracting (3) from (2), 2xy= 108 (4) 

Adding (4) and (2), a« -f- 2 a:y +y2 _ 225 (5) 

Extr. square root of (5), aj + y = =b 15 (6) 

Adding (1) and (6), 2 a: = 18, or — 12 

Subtracting (1) from (6) 2y = 12, or — 18 

Whence, • a; = 9, or — 6 

Also, y = 6, or — 9 



2. Given 



i2(x-f,) = n (1) 

1 gy = 20 



: 20 (2) 



Dividing (1) by 2, 


a:-y = ¥ 


(3) 


Squaring (3), 


a* — 2a;y4-y« = i|A 


(4) 


Adding (2) X 4 and (4), 


^+2xy-\-,/'=±iX 


(5) 


Extract square root of (5), 


x + !f = ±3^ 


(6) 


Adding (3) and (6), 


2X=1&,0T- 


— 5 


Subtracting (3) from (6), 


2y=5, or- 


-16 


Whence, 


as = 8, or — 


-2i' 


Aho, 


y = 2 J, or . 


-8 


8. Given 


f?-y =2 
1a»— y» = 98 


(1) 




(2) 



Dividing (2) hj (1), a?+xy-{-f=Ad (3) 

Squaring (1), a:^ _ 2 a; y + ^ = 4 (4) 

Subtracting (4) from (3), 3xy=ti5 (5) 

Or, xy = 15 (6) 

Adding (6) and (3), ar» + 2 ary -f-y^ = 64 (7) 

Extr. sq. root of (7), «? + y = rfc 8 (8) 

Adding (1) and (8), 2 ar = 10, or — 6 

Subtracting (1) from (8), 2y = 6, or — 10 

Whence, a: = 5, or — 3 * 

Also, y = 3, or — 5 
14* 
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4. Given 


1 y-x=2 


(1) 
(2) 


From (2), 


y = a: + 2 


(8) 


Subst. (3) in (1), 


10x + x-\-2z=3a^-\- 


6x 


Or, 


Sa?—5x = 2 




Dividing by 3, 


a?-^x = % 




Compl. square. 


a^-8«+M = fl • 




Evolving, 


x-i=±i 




Whence, 


a; = 2, or — 


■i 


Substituting in (3), 


y = 4, or f 




5. Given 




(1) 

(2) 


Adding (1) and (2), 


«»+2a;y + y»=144 


(3) 


Extracting sq. root of 


(8), x + y = ±12 


(4) 


Dividing (1) hj (4), 


x = ±7 




Dividing (2) by (4), 


y = ±5 


- 


6. Given 


fVx» + y^=10 
) x»— ^' = 28 


(1) 


1 


(2) 


Squaring (1), 


a:» + ya = 100 


(3)' 


Adding (2) and (3), 


2a:»=128 


(4) 


Subtracting (2) from 


(3), 2y« = 72 


(5) 


Dividing (4) by 2, 


a^=64 




Dividing (6) by 2, 


V = 36 




Whence, 


x = ±8 




Also, 


y = =b6 




7. Given 


fa^y +ary«=30 
'iar«jr'+a:*y* = 468 


(1) 
(2) 



Squaring (1), ai^ y^ + 2 a^ t/" -{- a^ y* = 900 (3) 

Subtr. (2) from (3), 2 a:» y» = 432 (4) 



QUADRATIC 


EQUATIONS. 


1 


Whence, 


a^/ = 216 


.(5) 


Extr. cube root of (5), 


a;y=6 


(6) 


Dividing (1) by (6), 


«+y = 5 


(7) 


Squaring (7), 


a;«-f2a:y+y=25 


(8) 


Subtracting (6) X 4 from (8), 


a?—2xy-{-f=l 


(9) 


Extr. eq. root of (9), 


a— y = ±i 


(10) 


Adding (7) and (10), 


2x= 6, or 


4 


Subtracting (10) from (7), 


2y = 4, or 


6 


Whence, 


a; = 3, or 


2 


Also, 


' y=2,or 


8 


8. Given 


] 2ary = 24 


(1) 
(2) 


Adding (1) and (2), .. a:» + 2 ary +y« = 49 


(3) 


Subtracting (2) from (1), a*- 


-2a:y+y»=l 


(4) 


Extr. sq. root of (3), 


x+y = ±7 


(5) 


Extr. sq. root of (4), 


«— y = ±i 


(6) 
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Adding (5) and (6), ^ 2a: = rfc8,orzb6 

Subtracting (6) from (5), 2y = ± 6, or ± 8 

Whence, a: = rfc 4, or ^b 3 

Also, y = =fc 3, or ± 4 



9. Given 


«^y 2 


(1) 




«»y+a;y« =162 


(2) 


From (1), 


'f+y = i*y 


(3) 


Dividing (2) by (3), 


824 

xy = — 

* - xy 


(4) 


Clearing (4) of fractions, 


a^y" = 324 


.(5) 


Extr. square root, 


a:y = d=18 


(6) 


Substituting (6) in (3), 


a; + y = ±9 


(7) 


Squaring (7), 


a:« + 2xy+y^ = 81 


(8) 



Subtracting (6) X 4 from (8), ar* — 2 0:5^ +3/^ = 9, or 1 53 (9) 
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Extr. square root of (9), x— y = ±3, or ±3 Vl7 (10) 

Equation (7), a: +y = 9, or — 9 

Adding (7) and (10), 2 a: = 12, or 6, or — 9 ± 3 Vi7 

Subtracting (10) from (7), 2 y = 6^ or 12, or — 9 =F 3 Vl7 
Whence, a: = 6, or 3, or | (—3 di Vl7) 

Also, y = 3,or6,or|(— 3=FVi7) - 

x^ + f=^5 ' (2) 

Clearing (1) of fract, 3(x+y)«+3(a:— y)«= 10(a:2— y«) (3) 
Or, 6a:2 + 6y« = 10a:«— 10y» (4) 

Transp. and uniting terms in (4), ^ 1 6 y^ = 4 a:^ (5) 

Whence, —^+ 4^* = (6) 

Adding (2) and (6), 5y» = 45 

Dividing by 5, S^ = 9 

Evolving, y='±3 

Substituting in (6), ar* = 36 

Evolving, a; = zfc 6 

11. Given < , ,a\ 

| a?— y = ig?y (2) 

Squaring (2), " a:"— 2a:y+y2 = ^ ^ (3) 

From(l), s^ — ixy + y^ = (4) 

Subtracting (4) from (3), J xy = -j|- (5) 

Tor, 8a:y = a:2y2 (6) 

Dividing by ccy, ary = 8 (7) 

Substituting (7) in (2), a: — y = 2 (8) 

Squaring (8), a:^— 2a;y+y2 = 4 (9) 

Adding (7)X 4 and (9), a:« + 2a:y+y2 = 36 (iq) 
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Extr. sq. root of 


(10), 




ar+y = ±6 (11) 


Adding (8) and 


(10), 




2a: = 8, or — 4 


Subtracting (8) 


from 


(10), 


23^ = 4, or— 8 


Whence, 






a; = 4, or — 2 


Also, 






y = 2,or — 4 


12. Given 






(x-\-s=a (1) 
)^+f/^ = b (2) 


Squaring (1), 




«»+2a;y+y«=a« (3) 


Subtracting (2) from 


(3), 




2x^ = 0"— 6 (4) 


Subtracting (4) from 


(2), 

0. 


a;«- 


■2a;4^ + y« = 2i— o» (5) 


Extract, sq. root of (t 


x— y = d=V26— o" (6) 


Adding (1) and (6), 


(1)» 




2x = azbV26— 0" 


Subtracting (6) from 


2y = a=FV26— a« 


Whence, 


x = ia=biV2A— a« 


Also, 


• 


13. Given 






3a:»— 2a;y=15 (1) 
2a; + 3y=12 (2) 


From (2), 






.= 'T'(») 


Substituting (3) in 


(1), 


8a^—^'~*'^=15 (4) 


Whence, 






IS** — 24x = 45 


Multiplying by 13, 






169a!»— 312a: =585 


Completing square 


169 ««• 


— 812 a: + 144 = 729 


Evolving, 






13ar— 12 = ±27 


Whence, 






13a: = 39, or— 16 


Dividing by 13, 






a; = 3, or — 1^ 


Substituting in (3) 




• 


y = 2,or4it 
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14 Given | 6^ + 2^= 5.y+12 


(1) 




I2a;y+8a^ = 3y — 3 


(2) 


Let 


y = vx 


(3) 


Substituting in (1), 6 


>ar'+ 2 »»aJ' = 5t>ar'4-12 


(4) 


Substituting in (2), ^ 


J»««+3a:« = 8tr'ar» — 3 


(5) 


From (4), 


x»- ^^ 


(6) 


2c« — 6t>+6 


From (5), 


X-- ^ 


(7) 


~3o»— 2» — 3 


Hence, 


4 1 




2»» — 5t> + 6 ~" 3»* — 2t> — 3 




Clear, of fract., 12 1;^ 


'— 8t>— 12 = 2.!«— 5»-f6 




Whence, 


10»»_3»=18 




Dividing by 10, 


«'»-^«' = iJ 




Completing square, i;* — 


•A«' + ?«IT = H» 




Evolving, 


v-^ = ±U 




Whence, 


» = 1, or — f 




Substituting in (6), 


a:»=4,orM 




Evdving, 


a;==±2,or±:^V31 


Substituting in (3), 


y = ±3,orTAV31 




xz = i/^ 


(1) 


15. Given 


(a;+y)(*-«-y) = 3 


(2) 




(x+y+.)(^-x-y)=7 


(3) 


Dividing (2) by (3), 


x+y _3 


(4) 


Clearing of fractions, 


7a:+7y = 3a;4-3y+3« 


(5) 


Whence, 


4a:+4y = 3« 


(6) 


Or, 


1 8« 


(7) 


Substituting in (2), 


-X- = 8 

4 -^4 


(8) 


Whence, 


. 3«*=48 


(9) 
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Dividing by 3, 


««=16 (10) 


Evolving, 


= ±4 (11) 


Substituting (11) in (1), 


- = ^4 <^^) 


Developing (3), 


^-{x-^yy = l (13) 


Substituting (11) in (13), 


16-(x+2^)» = 7 (14) 


Or, 


(x+y)^ = 9 (15) 


Evolving, 


x+y = :^B (16) 


Substituting (12) in (16), 


^+3^ = ±3 (17) 


Clearing of fractions, 


^±4y = ±12 


Completing square, 


^±4^ + 4=16, or— 8 


Evolving, 


y±2 = ±4, etc. 


Whence, 


y = ±2,or±6 


Substituting in (16), 


a: = ±l,or=F9 



When y = 6, then a; = — 9, and when y = — 6, a: = 9^ that 
is, the values of x and y must have opposite signs, and it makes no 
difference whether we write a: = ± 9 and y =.q= 6, or a; = =F 9 
and y == ± 6. 

PROBLEMS . 

LEADING TO QUADRATIC EQUATIONS. 

(Pp. 237-240.) 

1. Let X = A's money, 

and y = B's money. 

Then a?+y=18 (1) 

and 2a;y=154 (2) 

Squginng (1), ^J^2xy-['f = 324 (3) 

Subtracting (2) X 2 from (3), a?— 2 xy-{'y^ =16 (4) 

Extracting square root of (4), x — ^ = i 4 (5) 

Adding (1) and (5), 2 a; = 22, or 14 



168 KEY TO HIGHER ALGEBRA. 

Subtracting (5) from (1), 2 y = 14, or 22 
Whence, « = 11, or 7 

Also, y = 7, or 11 

2. Let X = the greater, 
and y = the less. 

Then 

and 
Squaring (1), 
Multiplymg (2) by 2, 
Subtracting (3) from (4), 
Extracting sq. root of (5), 
Adding (1) and (6), 
Subtracting (1) from (6), 
Whence, 
Also, 

3. Let 
and 

Then, 

and 

Dividing (1) by 4, a: + y = 50 (3) 

Squaring (3), a?'\-2xy'{-f = 2500 (4) 

Multiplying (2) by 2, 2a^ + 2f = 2600 (5) 

Subtracting (4) from (5), a;« — 2 ay + y^ = 100 (6) 

Extracting sq. root of (6), x — y = =b 10 (7) 

Adding (3) and (7), 2 a? = 60, or 40 

Subtracting (7) from (3), 2y = 40, or 60 

Whence, x = 30, or 20 

Also, y = 20, or 30 
$2i X 20» = $ 900 ; $ 2i X 30« = $2025 



«— y = 


:5 


(1) 


a?+y« = 


:193 


(2) 


x>—2xy+y' = 


:25 


(3) 


2««+2y« = 


386 


w 


a=*+2a:y+y« = 


:361 


(5) 


x-fy = 


:=bl9 


(6) 


2x = 


: 24, or - 


-14 


2y = 


14, or - 


-24 


a; = 


12, or - 


-7 


y = 


7, or — 


■ 12 


« = 


= side of A's, 


y = 


= sideofB*s. 


4x-\-4f,= 


= 200 


(1) 


a?-\.f = 


= 1300 


(2) 
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4. Let 




X — the larger number. 


and 




y — the smaller 


number. 


Then 




xy = 71 


(1) 


and 


t. 


-fiix—yy :: 9:2 


(2) 


From (2), 




2(a^-f) = d{x-yy 


(3) 


Dividing (8) by a;- 


-Vj 


2(x+y)=9(x-y) 


(4) 


From (4), 




7x=lly 


(5) 


Or, 




'-'-¥ 


(6) 


Substituting in (1), 




V-77 




Dividing by J^, 




y*=49 




Evolving, 




y = ±7 




Substituting in (6), 




a:==bll 




5. Let 




X = A's age, 




and 




y = B's age. 




Then 




xy = 750 


(1) 


and 




(x-2)(y+7) = 851 


(2) 


From (2), 




«y+7av— 2y = 865 


(8) 


From (1), 




_760 

*~ y 


(4) 


Substituting (4) in | 


[3), 


750 + ^^^^ 2y = 865 


(S) 


Or, 




5250 o , - ^ 
2yz= 115 

y 




Whence, 




2^2 + 115^== 5250 


« 


Dividing by 2, 




ya^i^y=2625 




Completing square. 


y^+H^y+(H^r = ^^W^ 




Evolving, 




y + lii = ±^i^ 




Whence, 




y = 30, or — 


.87i 


Substituting in (4), 




X = 25, or — 


.8f 


15 
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6. Let 

and 

Then 

and 
TherefoFCy 
Also, 
From (2), 
Squaring (3), 

Subtract. (1) X 4 from (4), 
Extracting sq. root of (5), 
Adding (3) and (6), 
Subtracting (6) from (3), 
Whence, 
Also, 

7. Let 

and 
Then, 
and (x — 



2a; + 2y: 

14a;+14y+7«X4 = 

xyz 

14ar+14y + 196: 

a:«+2xy+y«: 

x—yz 
2x1 
2y: 

X: 

y- 



: its length, 
: its breadth. 
: its perimeter, 
: area of walk. 
: 15000 (1) 
:3696 (2) 
: 250 (3) 

= 62500 (4) 
= 2500 . (5) 
= ±50 (6) 
= 300, or 200 
= 200, or 300 
= 150, or 100 
= 100, or 150 



a: = the greater, 
y = the less. 

(1) 



Dividing (2) by (1), 

Or, 

Whence, 

Substituting (&) in (1), 

Whence, 
Dividing by 7, 
Evolving, 
Substituting in (5), 

8. Let 

and 



{x-y)y = i:2 
y) fa+y) = 133 
x+y_ 19 

y ~ 6 

6a:=13y 
13y 

6 ^ 

75^=252 
^=36 

y = ±6 
a? = ±13 

X = price of a duck, 
y = price of a turkey. 



(2) 
(8) 
(4) 
(5) 



QUADRATIC EQUATIONS. 



171 



Then, 


10a:+12y = 22i (1) 


and 


5-^ = 4 (2) 


Clearing (2) of fractions, 6y— 5a: = 4a:y (3) 


From (1), 


'='-^' (*) 


Substituting (4) in (3), 


^ . 45 — 24y 45y— 243^ 


^y- 4 = 6 


Clearing of fractions, 


120y— 225+120y=180y— 96y» 


Or, 


96y2 + 60y = 225 


Dividing by 96, 


y^ + fy = M 


Compl. the square. 


t/'+y+M^=^m 


Evolving, 


y + A = =bM 


Whence, 


5^ = 1, or — J^ 


Substituting in (4), 


a? =^ I, or 1 


n= 


$0.75,.and$| = $1.25. 


9. Let 


X = breadth of farm, in rods. 


Then 


4 a; = length of farm, in rods, 


and 


40 a: = price of farm. 


Therefore, 


;g^X^-40a: 


Or, 


— = 40a; 
40 ^ 


' 40 
Multiplying by — , 


x' = i(fi 


Evolving, 


a? = 40 


Multiplying by 4 


4a: =160 


Multiplying by 40, 


40 a: =1600 


10. Let 


X = length of one, 


and 


y = length of the other. 


Then 


6 a:^ = surface of one. 


and 


6y^ = surface of the other. 



172 KEY TO HIGHER ALGEBRA. 



Therefore, 




ar+y = 20 (1) 




and 




a:»-fy» = 2240 (2) 




Dividing (2) by (1), 


«*— afy+y«=H2 (8) 




Squaring (1), 




««-f 2ary+y»=400 (4) 




Subtracting (3) 


from 


(4), 8a:y = 288 (5) 




Whence, 




a:y = 96 (6) 




Subtracting (6) 


from 


(8), **-2a:y+y«=16 (7) 




Extracting sq. root of 


(7)> i-y = ±4 (8) 




Adding (1) and 


(8). 


2 a; = 24, or 16 




Subtracting (8) 


from 


(1), 2y=16,or24 




Whence, 




X s= 12, or 8 




Also, 




y = 8, orl2 




Therefore, • 




6x« = 864,or384 




Also, 




ey = 384, or 864 




11. Let 




X = A's share. 




and 




y = B's share, 




Then 


x+y=500 


(1) 


and 


297 — x: 297— y :: 2a;j8y 


(2) 


From (2), 




2376y — 8xy=694x— 2xy 


(3) 


Or, 




2376y — 594x = 6 xy 


W 


Dividing by 6," 




396y — 99x = xy 


(5) 


From (1), 




x = 500— y 


(6) 


Substit (6) in (5), 


396j 


,_49500 + 99y = 500y— y« 




Or, 




y* — 5y = 49500 




Compl. square, 




ya_6y + iyi = liV" 




Evolving, 




y-f=±*JA 




Whence, 




y= 225, or —220 




Substituting in (6), 




« = 275, or 720 
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12. 



Let 
Then 

and 



X = number bought. 
— = pnee paid per head. 



270 
a:— 15 



= price ree'd per head. 



. Therefore, 



800 ,1_ 270 
X ' 2~a:— 15 



Clear, of fract., 600a:— 9000+ a:^— 15a: = 540 a? 




Whence, 


a:a + 45a: = 9000 




Compl. square, a:"-|- 


45 a:+ Ai^ = s.^2A 




Evolving,, 


x + ^f^ = ±l^ 




Whence, 


X = 75, or — 120 




13. Let 


X = first rate per cent, 


and 


y = second rate per 


cent 


Then 


8600 ^ ^ 
= first sum. 




and 


4900 

= second sum. 

X 




By the conditions. 
Also, 


8600 4900 _j3Q^j 


(1) 
(2) 


y ' X 

86a:_49y 

y ^ 


Clearing (1) of fract., etc., 


36a:4-49y=l3ajy 


(3) 


Clearing (2) of fractions, 


86a:« = 495^ 


(4) 


Extracting square root of (4) 


6a: = 7y 


(5) 


Or, 


-¥ 


(6) 


Substituting (6) in (8), 


42y+49y = ^ 




Or, 


«i.=r 




91 1/ 
Dividing hj -^, etc., 


y=6 




Substituting in (6), 


a: = 7 




15* 
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14. Let 

and 

Then 

and 

Therefore, 

Also, 

Clearing {2) of fract, 
From (1), 



X = A's number of acres, 
y := B's number of acres. 

— = As price per acre, 

— = B s price per acre. 

(1) 

(2) 

(3) 
(4) 





a?+y = 


:200 


200 

X 


_200_ 

y "~ 


8 
l 



800y — 800a: = 3a:y 

y = 200 — a; 



Substit (4) in (3), 1 60000 — 800 a; — 800 a: = 600 a; — 3 a:* 

Or, 

Dividing by 3, 

Compl. square, 

Evolving, 
Whence, 
Substituting in (4) 

Whence, 



Also, 



3 a:^-^ 2200 x = — 160000 

X — iJ^z=±i§aV73 = ±AiLij^iiiia 
a: =651.467, or 81.867 
y = —451.467, or 118.133 

200 200 

~x 81.867' 

200 200 

"y" "" 118.183 



= 2.443 
= 1.693 



15. 



Then 
And 



Let 



and 



Also, 

Clearing (3) of fract., 

From (1), 



X = the whole distance, 
y = A's rate per day, 
z = B's rate per day. 

(1) 

(2) 
(3) 
(4) 

y = -^ (5) 



10y+10« = a;+100 

y ' g 

xz-\-^yz = xy 



_ 72-f 5 
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Sub8t. (5) in (2), !if±15 + 10 « = x + 100 (6) 

From (6), 65 a? — 3 a; = 275 (7) 

Subst (5) in (4), xz-\ i — = ^ (8) 

From(8), 2lz^'{-l5z = xz + 5x (9) 

From (7), :. = 5i^ ^ (10) 

Subst. (10) in (9), 21 .«+ 15. = e5^--275.^825.^J875 

Clear, of fract., etc, 63 ar* ^ 45 « == 65 r» + 50 « — 1375 

Or, ' ^ 2^+5^=1375 

Dividing by 2, z^+^z = i V-i 

Compl. square, «« -)- J a? -f- f ^^ = ^^{^ 

Evolving^ 2f + 1 = ± IJA 

Whence, 2; = 25, or — 27^ 

Substituting in (5), y = 30 

Substituting in (10), x = 450 



THEORY OF QUADRATIC EQUATIONS. 
(Abt. 295, pp. 241, 242.) 



3. Assume 


a:2_6a: + 8 = 


Whence, 


a;2_^^^9_l 


Evolving, 


K — 3 = ztl 


Whence, 


ar = 4, or 2 


Therefore, 


sP—Qx+S = (ar — 4) (a; — 2) 


The factors may also be determined by inspection. See Art. 


102. 




4. Assume 


a:2^73a; + 780 = 


Whence, 


a?^7Sx+{y^y = ^^ 
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Evolving, a?+ V = ±^ 
Whence, ac = — 18, or — 60 

Therefore, a^a+TSa: +780 = (a:+60) (a:+18) 

5. Assume 2a:'+a: — 6 = 
Or, a:« + ia?— 8 = 
Whence, 0:8+^0:+ A = ff 
Evolving, a?-|-i = ±J 
Whence, x = J, or — 2 

Therefore, 2a:*+a:— 6 = 2 (a: + 2) («— }) 

6. Assume a^ + iyia:— if* = 
Whence, a^+^a + ^ja = li^ 
Evolvmg, a;4-^ = ±^ 
Whence, jc = 4, or — ^ 

Therefore, a?+^a?— aJA= (a:— 4) (a: + ^) 

FORMATION OF EQUATIONS. 

(Art. 296, p. 243.) 

2. (a?— l)(a: + 2)= ar^+x— 2 = 
Whence, a;* + a: = 2 

3. (ar^4) (ar — 5)=a:« — 9a: + 20 = 
Whence, o^ — 9 ar = — 20 

4. [(a:_(l+V5)][a: — (1— V5)] = a:« — 2a;+(l — 5)=0 
Whence, ar»— 2a: = 4 

5. {x—S)(x+i)=za^—J^x—i = 
Whence, a?* — J^ a; = § 
Or, 5a:*— 12a: = 9 
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6. (x—7)(x+^)=a^—ix — Ha.=zO 
Whence, a:^— f a; = 44J 

7/ [a;— («+Vn)][a;— (m— V»)]==ar*— 2»w;+(«»«--w)=0 
Whence, s? — 2mx = n — m^ 



KATIO AND PROPORTION. 

(Problems, pp. 257, 268.) 

1. Given a? : 18 :: 6 : 27 
By Art 311, 27 a: = 108 
Whence, a; = 4 



2. Given 


i:*::i:^ 


By Art. 811, 


x_ 1 
2 ir 


Whence, 


«=* 


8. Given 


2:a; :: x:8 


By Art 311, 


a!« = 16 


Whence, 


X=4: 



4. Let a; and y represent the numbers. 

Then a: : y :: 2^ : 2 (1) 

Also, x—5 ; y — 5 ;; 1^ : 1 (2) 

From (1), by Art. 320, x : y :: 5 : 4 (3) 

From (2), by Art. 320, x—5 : y— 5 :: 4 : 8 (4) 

From (3), by Art 31 1, ^ = T ^^^ 

Sabstituting (5) in (4), a; — 5 : ^ — 5 :: 4 : 8 (6) 
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From (6), by Art 820, 5 a;- 
By Art. 311, 
Whence, 
Substituting in (5), 



-25 : 4a;— 25 :: 4 : 3 (7) 
15a; — 75 = 16a:— 100 
a; =25 
y = 20. 



5. Let 

and 

Then 

Also, 
From (2), by Art 315, 
Substituting (1) in (3), 
From (4), by Art 321, 
By Art 311, 
Whence, 

Substituting in (1), 
Whence, 



a = the greater part, 
y = the less. 
a:4-y = 50 
a^+^ : y— Q :: 3 ; 2 



a^+y • y — 3 :: 5 : 2 
50 : y — 3 :: 5 : 2 
10 : y — 3 :: 1 : 2 
y — 3 = 20 
y = 23 
a: + 23 = 50 
a; = 27 



(1) 
(2) 
(3) 
(4) 
(5) 



X = am't of wine in 1 gal. of first, 
y = am't of wine in 1 gal. of second. 

~ = ratio of wine to water in first, 



6. Let 
and 

Then - 

and ^ = ratio of wine to water in second. 

1— y 

By the first condition, a mixture of 1 gallon of each will contain 
1 gallon of wine and 1 of water ; and by the second condition, a 
mixture of 4 gallons of the first and 1 gallon of the second will 
contain 2 gallons of wine and 3 gallons of water. 

Therefore, a; + y = 1 0) 

and 4a; + y = 2 (2) 

Subtracting (1) from (2), 3 a? = 1 
Whence, « = J 

Substituting in (1), ^ -f-y = 1 
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Whence, y = f 

Therefore, ^ = i = i=:l:2 ^ 

Also, jl-^ = ± = \=.2:l 

The second equation given above maj also be obtained as fol- 
lows: 

4a?+y : 5 — (4a;4-y) :: 2 : 3 

By Art. 315, ^a + y : 5 :: 2 : 5 

By Art. 321, 4a: + y : 1 :: 2 : 1 

By Art. 311, 4a: + y = 2 

The above example may also be solved like the 7th by using 
- in place of ar, and - in place of y. 



7. Let - = proportion of males, 

and 1 = proportion of females. 

Then - : 1 = = ratio of males to' females. 

X X X 1 



^-^■^ «('-;)-«(0= 



18 



1000 



Or, 98-??-15 = 18 



X X 



144 

Whence, — = 80 



Dividing by 144, 



X 

1 _^ 5 

X 144 9 



1 5 4 

Therefore, 1 = 1 — n = o 

' a: 9 9 

Also, Art 320, -: 1— i=-i-=?5 \\ = ^ 

' X X X — 1 9 9 
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8. Let X =ac rate of the first train, 

and y == rate of t he second train. 

Then, ^ —y : x+y :: 2 : 80 
By Art. 817, 2x : 2y :: 32 : 28 

By Art. 320, x : y v. 8 : 7 



VARIATION. 



(Art. 332, pp. 260, 


261.) 


1. Given 


y=:mx 


Subst. 2 for X and 10 for y, 


10 = 2i» 


Whence, 


m = 5 


Therefore, 


y = 5a? 


2. Given 


y=zmx 


Subst. 2 for y and 1 for x, 


2 = m 


Therefore, 


y = 2a: 


Substituting 2 for Xy 


y = 4 


8. Given 


y = «i2f 


Subst. 24 for y and 8 for 2r, 


24 = 3m 


Whence, 


m = 8 


Therefore, 


y = Sz 


4. Given 


m 
xz=z — 

y 


Or, 


mzzzxy 


Subst. 4 for a; and 2 for y, 


m = S 


Therefore, 


_8 
y 


Substituting 6 for y^ 


x = f = lj 



VARIATION. 


li 


5. Given 


z=z mxy 




Snbst 1 for x, y, and Zy 


m = l 




Therefore, 


« = «y 




Subst 2 for X and ^, 


2 = 2X2 = 4 




6. Given 


y = a + mxy 


(1) 


Subst. 2 for a; and — 2^ for y, 


— l = a — :^m 


(2) 


Subst —2 for a? and 1 for y, 


1 = a — 2»i 


(8) 


Subtracting (2) from (3), 


¥ = S^ 




Whence, 


m==| 




From (3), 


a = l + 2m 




Substituting value of m, i 


a = l + 5 = } 




Substituting in (1), 


y=i + ixy 




Clearing of fractions, 


4y=14 + 5a:y 




Or, 4y- 


-5a:y=14 




W hence, 


14 
y = 4-6:. 




» 






7. Let X 


= its diameter. 
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Then the areas are 36 m, 64 m, and mac^. 
Hence, m a:^ == 36 m -f- 64 wj 

Or, 3:^ = 364-64=100 

Evolving, as = 10 

8. Let x = the additional distance. 

The t\vo distances are then 3 and 3 + a;, and the amounts of 
Ught are, respectively, ^ and r^T^y 

Hence, 



9 (3 + a:)» 
Or, (3+a:)a =18 

Evolving, 3 + a? = Vl8 = 3 V2 

Whence, ar = 3V2--3 = 3 (V2 — 1) 

Or, a= 3 X. 4142 = 1.243 

16 
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9. Let X = the number of cars which will just balance tlie 
power of the engine. 

Then x — 1 = the number it can move. 



Bj the conditions, 


1 mVx = 24 
l»»Vi=4 


(1) 
(2) 


From (2), 


2»» = 4 




Or, 


»» = 2 


■ 


Substituting in (1), 


2V5 = 24 




Dividing by 2, 


Vi=12 




Squaring, 


x = 144 




Then, 


ar— 1 = 143 





PROGRESSIONS. 
ARITHMETICAL PROGRESSION. 

(Art. 338, pp. 264-266.) 

It will be a valuable exercise for the student to obtain all the 
formulas found in the table, from the tvio fundamental ones. 

2. f = a-f (n — 1)^=104-3 X(— 2) = 10 — 6 = 4. 

__ d—2a±^/(d—2ay+.SdS — |±Va + 1 
8. n- ^ = — 

= =l±i = 4±l^ = _8,orl2. 

2(5 — an) _ 2(440 — 60) _ 2X880 _ 
n(n — 1) "" 20X19 ~ 20 X 19 ~ ' 

2S—n(n — l)d 3n«+4n — 3n(n— 1) 

^- "*— 2^ = 27i " 

_ 3n-f-4 — 3n + 8 _ 7 .^ 

— 2 — 2* 
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_2i + 6| = 4i5 4i+6|=lli. 

_ 2g— w(n — l)d 642 — 6XSXS 642—150 ' 

■ **"" 2n 12 12 

/= llaJ^JUil = i^ = 66. > 

o_ 0+a)a-<' + '0 _ (99 + 0(99-1 + 2) 
2tf ~ 2X2 

_ 100X100 ^2500. 



4 
Or, fi'iiri « (a + /) = 25 X 100 = 2500. 

9. /=a4-(w — I)d:=l + 51X2 = 1 + I02 = 103. 
5= i« (a + Z) = 26 X 104 =;= 2704. 

10. 5=i«[2a+(n — l)cf],and5=180n. 
THerefore, 180 w = ^ [540 — 60 (» — 1)] 

Dividing by ^, etc., 360 = 540 — 60 » + 60 

Whence, 60» = 240 

Dividing by 60, n = 4. 

11. 5' = in[2a+(n— l)rf],and5'=10n. 
Therefore, 10» = ^ [16 +i («— 1)] 



Dividing by \ etc, 20 = 16 + ^ — ^ 

Clear, of fractions, 40 = 32 + « — 1 

Whence, » = 9 

Also, fif=10x9 = 90. 
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GEOMETRICAL PEOGBESSION. 

(Art. 344, pp. 269-271.) 

-As in Arithmetical Progression, it will be well for the student 
to obtain all the formulas in the table from the two Jiindamental 
ones. Those involving logarithms will be obtained in Art. 420. 

- ^_ a,«-a _ 7X8'-7 _ 1701-7 _^^^ 
2. ^--;^rr= 8-1 -—T-=^*^' 

_ I 128 128 . 

5. r = (i)^ = (i|?)i=(256)i = 4. 

iX4=25 2X4 = 8; 8X4 = 32. 

6. /=af—» = 2X4" = 2X4194304 = 8388608 

5 = ^ = ?!^ = 11184810. 
r — 1 o 

'• '^— n:;— r=|— | — 2 — ^*- 

ft g— «»*-« — «-<"* — l-fX (!)' _ ♦- jft 

r-l — 1-r — 1-J — J 
= M* = f|5 = 4^,. 

10. 5 " •'' '' * 



11. 5: 



1 — r 1 — .01 99 ~ 88* 
a 112 



.--1 - (4)'-i -A^ — "*• 
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13. ^=£rLzf = iX8:=^^ 69049-3 ^29523. 



HAEMONICAL PROGRESSION. 
(Art. 347, pp. 272, 273.) 
1. /= 1* =^-=i=i. 

(n— 1)0— (n— 2)6 4— | f » 

2- ^— , Vri , = oiT^i =.^ = 2- The reciprocals 
ofthe extremes are 6 and 12. 6-|-2=8; 8-f-2 = 10. 

Hence, 6, 8, 10, 12 = the arithmetical progressi<»i, 
and \, \, I's) ^ = ^c harmonica! progressicm. 

^"^J^^l^Z^ikl^-l^^ The reciprocals of the 
extremes are J and J ; J — ^ = ^; ^ — ^ = H- 

Hence, J, ^, JJ, J = the arithmetical progression, 
V and 4, 4^, 4^, 5 = the harmonical progression. 

8. The reciprocals of the terms, ^, f , |, etc., form an arithmeti- 
cal progression whdie common difference is ^. J -f~ i = V » V 
+ i = V* The required terms are the reciprocals of ^ and Jg*, 
that is, ^ and ^. 

PROBLEMS 

REQUIRING THE APPLICATION OF THE PRINCIPLES 
OF THE PROGRESSION& 

(Pp. 273-276.) 

3. Let aj^ a; + y, a: 4" ^ y» ^^^ x-\-Zy represent the numbers. 
Then, ar»+(a:+y)2=34 (1) 

Also, (x + 2y)2+(x + 3y)3=130 (2) 
16* 
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From (1), 
From (2), 
Subtr. (3) from (4), 

Brom (5), 



2x' + 2xy+f=:m 
2ar»+ 10ary4- IsV = 130 
' 8ary4-12y»==96 

24 — 8^ 

« = — 

2y 



(3) 
(4) 
(5) 

(6) 



Subst (6) in (3), g76-iy+9y ^24_3y,^y,^34 



Or, 

Clearing of fractions. 
Transposing and uniting, 
Completing square, 
Extracting square root, 
Whence, 

Evolving, 

Substituting in (0), 

Therefore, 



576 — 1445r^+9y*=20y»^4y* 
53^*— 164y» = — 576 

y2 = if^,or4 
y=±ij^V5,or±2 
a: = =FY-V5,or±3 
a;+y = T i VsjordrS 
x+2y = ±^V5,0T±:7 
^a: + 3y = dr¥^>or±9 



"ar + 3' 



2dir V 
4. Let Xy , , and y represent the numbers. 

Then ~ ' 2^2r 

Also, 

Substituting (2) in (1), 

Clear, of fract., etc., 



fy=13 
ary=18 



=>'+y+ 



86 



= 13 



(*+y)^-13(x+y) = -86 
Compl. square, (aj+y)" — 13 (a:+y) -f i|a = :^ft 
Evolving, *+y — -V^ = ±J 

Whence, a;-}-y = 9»or4 

Snuaring (7), x' + ^xy-^-f = 81, or 16 



(1) 

(2) 

(3) 

(4) 
(5) 
(6) 
(7) 
(8) 
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Subtracting (2) X 4 from (8), 


a:«- 


^2xy+y^ = 9,ov—5Q (9) 


Extr. square root of (9), 




x—y<=±S (10) 


Adding (7) and -(10), 




2a;=12, or6 


Subtracting (10) from (7), 




2y=6, orl2 


Whence, 




a; = 6, or 3 


Also, 




y = 3, or 6 


Therefore, 




2xy 36 . 



5. Here a = 25, rf= — 5, and w = 11. Therefore, S=. 
Jw [2o + (n — l) (Tl = JvjL [50 — 50] = 0. Hence he was 
back at Boston at the end of the 11th day. 

6. Here a = 2, c?=2, and » = 6401. Therefore S=z 
inl2a+(n—l)d']== ^^ [4 + 12800] = a^^^ X 12804 = 
40979202. ^ 40979202 rods = 128060 miles 2 rods. 

7. The time of raising the first foot must be i^^ of 2 days, or ^ 
day, and each foot will require ^ day more than the preceding. 
Then a = J, c? = i, and » = 100. Therefore 
^=Jn[2a+(n — l)flr] = 50 [§4-V] ="50X^^=1010. 

8.. Let X — 2y, x — y, a:, a;+y> and ar-[-2y, respectively, 
represent the number of days in which each, separately, can reap 
an acre. 

Then, 5ar=20 (1) 

Whence, a: = 4 (2) 

* . 1 , 1 , Ij 1 , 1 _87 

From (2) and (3), —V ^ ^ H \- ^ iV = ^ (4) 

v/ \ f' x—2y^^ X'—y^^ x-\-y^^ x-\-1y 60 ^^ 

Uniting terms, ^i^^ + ^^ = ^_2 (5) 

Dividing by 2 a: = 8,. _L^+-^ = ^^ (6) 
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Clear, of fract, etc, 20 (23:^ — 5 y*) = 3 (a?*— 6 ar» 5^+ 4y*) 

Subst. value of x, 640 — 100 y* = 708 — 240 3^ + 12y* 

Or, 12y*— 140y* = — 128 

Dividing by 12, »*— V^* = — V 

Completing square, y* — Vy* + ( W = W 

Extr. square root, y* — V = ± V 

Whence, ^ = Afi, or 1 

Evolving, y = it J V6> or ± 1 

^a:— 2y = 4=F| Vej or 2, or 6 

«— y = 4=Ff Ve, or 3, or 5 

a?+y = 4±f Ve^ or 5, or 3 

.a:+2y = 4it | V6, or 6, or 2 



Therefore, 



9. Here a = 100, r = 0.9375 = ^^f , and n = 00. Substi- 
tuting these values, we have /S'= — — = ^ = = 

1600. Each of these terms, except the first, must be doubled to 
obtain the whole distance passed over; hence the distance is 
1600x2—100 = 3100. 

10. Here a = 20, c? = — 5, and « = 8. Substituting these 
values we have 5= J w [2 a + (w — 1) rf] = 4 (40 -«- 35) = 
4 X 5 = 20. 



11, 


Let X — 3y, x—y, x-\-% 


r, and x-\-Zy represent the i 


bers. 








Then, 


2a^4-18y»=200 (i;^ 




Also, 


2ar'+ 2y*=136 (2) 




Subtracting (2) from (1), 


16^= 64 (3) 




Whence, 


y» = 4 




Evolving, 


y = ±2 




Substituting in (2) -s- 2, 


««4-4 = 68 



PBOORESSIONS. 


Whence, 


a«=64 


Evolving, 


a: = ±8 




ra:— 3y = ±2 


Therefore, 


x-{-y = ± 10 




^a:4-3y = ±U 
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12. Let a; = the number of hours. 



\ 



Then 4 («+ V") = 4a;-}- H = distance A travelsi 
and f [9-f-.(^ — Oi] = -^ — t"F= distance B travels. 

Therefore, 4a: + ll = ^ + ^ 

Clearing of fractions, 32 a; + 88 = 35 a? + o^ 
Whence, a;2-|-3a: = 88 

Completing square, a:^-|~^^"l"i = ^l^ 
Evolving, a? + 1 = db V 

Whence, a: = 8, or — 11 



13. Let a?, a?y, ary", and aiy* represent the numbers. 
Then, a:-l-a?y=15 (1) 

Also, xy^ + xf=m (2) 

Dividing (2) by (1), ~f^4: 

Evolving, y = ± 2 

Substituting in (1), a: zt 2ar = 15 
Or, 3a?, or — x = 15 

Whence, « = 5, or — 15 

rary =10, or 30 
Therefore, \xf = 20, or — 60 

(a:y»=40, or 120 
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FIBST 


SOLUTION. 




2xy 
14. Let X, — p^, and y 


represent the numbers. 




Then, 


x+y-y 


(1) 


Also, X - 


i-|g + ^=. + l 


<2) 
(3) 


Clearing (1) of fract, 


2si?y = xy-\-f 


Dividing (3) by y, 


2a? = x+y 


(*) 


Substituting (4) in (2), x 


+ ^+2=.+ l 


(5) 


Or, 


« + | + l=S' 


(6) 


Clearing (6) of fract., 


*'+y+« = *y 


(7) 


Or, 


a? = xy—{x-\-y) 


(8) 


Adding (4) and (8), 


3ar' = xy 


(9) 


Whence, 


Zx = y 


(10) 


Substituting (10) in (4), 


2ar'=4a: 




Whence, 


xz=2 




Substituting in (10), 


y = 6 




Therefore, 


/ 




SECONE 


SOLUTION. 




* 
Let X, y, and x y represent the numbers. 




Then, Art. 345, 


X y y xy 


(1) 


Also, 


x+y-^2 = xy-\-l 


(2) 


From (1), 


y='ix—\ 


(3) 


Substituting (3) in (2), 


a^+ 2a:-}- 1 = 2ar>— «+ 1 


(4) 


Or, 


2a:» = 4a; 




Whence, 


x — i 




Substituting in (8), 


y = 4 — 1=8 




Therefore, 


a;w=6 
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PERMUTATIONS AND COMBINATIONS. 

<Art. 353, pp. 279, 280.) 

4. Here » = 8, r = 4, and n — r -|- 1 = 5 ; then, hy formula 
(1), 8X7X6X5 = 1680. 

5. Here » = 40, r = 6, and n — r -}- 1 = 35 ; then, by for- 
mula (4), 

40 X 89 X 88 X 37 X 86X 35 
1X2X3X4X6X6 

= 2 X 39 X 38 X 37 X 35 = 3838380 



BINOMIAL THEOREM. - 

(Arts. 361-363, pp. 285-288.) 

4. Here n = 50, and r = 49 ; and substituting these in the 
general term (5 and 7, Art. 360), we have 

I^O-^^-*^---^ „«^ ^ ^±±^.a'^ = 1225 a««« 
1.2. 3. ..48 1.2 

The coefficient may also be found by means of principle 6, Art. 
360. 

6.- Here » = 10, and r = 9 ; and substituting these in the 
general term (7, Art. 360), we. have 

1.2.8 8 1.2 

7. (1 +«)»= 1«+ 6 (l)«a:4- 15 (l)«a:«+ 20 (1)''«»+ 15 (l^x^ 
+ 6(l)«»+a;« 
= l_L6a;+15ar'+20a;«4-15a;« + 6aJ'4-a;« 
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9. Substituting 1 for a and as* for a: in the 5th example, we ob- 
tain the required result 

10. Here n = 8, and r = 5 ; and substituting these in the 
general term (7, Art 860), we have 

8.7.6.5 



1.2.3.4 



a*a?* = 70m«»" 



11. (8a«— 2&»)«=(3a«)«— 6(3a«)»(2y) + 15(3a«)*<26»)« 

— 20(3aV(2y)« + 15(3a«)«(2y)*— 6(3o«)(2^*')» 
+ (25»/= 

729 a"— 2916a»y+4860a»y— 4320a«i^+2160a*^ 

— 576a»ft"+646» 

12. Substituting 1 for a and for « in the 5th example, we 

obtain the required result 

13. The exponent of ft in the required term is 7 ; hehce 
(2, Art. 360) the required term is the 8th. Substituting in the 
general term (7, Art 360), we have 

^'I'l I (a^* (3aby = ^ a« (2187 a' «F) = 78732 a"^ 

1.2. o.... .7 1.2 

14. Here n = 2002, and r = 2001 ; and substituting these in 

the general term (7, Art 360), we have 

2002 . 2001 . 2000 8 / ^\2 / A\aooo _ 2002 X 2001 J ^^ 

1.2.8.... 2000 ^"^ ) y^" J — 1X2 ^ ^ 

». (x_|)» = ,-.o(0 + -f«{f)'-li2<i(f)- 

, 120X7 /xy _ 210X6 /xy , 252X5 /a;\« 

_ 210X4 /xy . 120x8 /xy _ 45X2 (xy, 10 /xyi 



10V2y 
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* 17. It is evident that a term containing a^ V must be found in 
the 4th power of a-|-5/ hence, considering the quantity as (a-f-^) 
'{'CjVk term containing a^l^c^ must be a part of that term which 
contains (a-j-5)*c*, or the 3d term (2, Art 360). Substituting in 
the general term, 

6X5^ 



1X2 



(a + by 0^=15 (a + byc^ 



By principles 2 and 7, Art. 360, the 3d term of (a-|-ft)*, or that 

4X3 
which involves a^^, is a* 5^, or 6 a^&^. Multiplying this by 

1 X ^ 

15c* we obtain 90a^l^c\ 

18. The formula for the. third power is 

{a — xy = a^ — Sa^x-\-3aa^^3i^ 

Substituting o + 2 * for a, and c for x, we have 

(a4-26— c)»=(a4-2i)« — 3(a + 2i)*c4-3(a-J-2ft)c2— c» 
— a«+ 6 0*5+ 12 a52 + 8 68 — 3 a^c — 12 a6c — 12 ft^c 
4-3ac3 4-6ic2 — c8 
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UNDETERMINED COEFFICIENTS. 


(Art. 369, pp. 289-294.) 


•4, As^uxne^^=A^Bx-\-Oa» + Dsi»^ 


Clearing of fractions, 


a;=:Ab-\-Bb x-\-Ob 


a?-\-Db 


*»+ 


+ A -\-£ 


+ G 




17 
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Equaling like coefficients, 

Ab=:a 
A^Bh=iO 
P-f- (78 = 

0-1-2)6 = 
Substituting, we have 
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» whence " 






h'\-X 



a ax j^a^ as? ■ 



6. Assiune J— 2^-j-^===^+J5a+C'a^+i)a:»+J^a?*+.... 
Clearing of fractions, 



— 2J[| —2B 
Equating like coefficients, 

^ = n 

jB— 2^ = 



a:* +D 


«» -l-jr 


— 2(7 


— 22) 


+ B 


+ c 



^+, 



(Az=l 
J5=2 



C — 2B-\- ^ = > whence < (7= 3 



2>_2C4-5=0 
E—2D-\-G=0, 

Substituting, we have 
1 



2)=4 



j-^^ = l + 2a;+3a:«-l-4a^+5ar*-|- . . . . 

6. Assume {a^—si?)^ = A + Bii^-\- (7a!*+Dx'-)- , 
Squaring both members. 
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-\-AB 



Equating like coefficients, 

2AB= — 1 



a?-\-AG 


7*-\.AD 


\ +B^ 


■j-BC 


-\-A0 


+ B0 




+ AD 



X "y~ ■ • • < 



2AO-\-B'=0 
2AI)-\-2BO=0 



■ whence > 



A = a 

2a 
8a» 



1)= — : 



Substituting, we have, 



16 a» 



^ ^ 2a 8f^ 16 a* 



7. A88ume|i| = ^ + ^a:4-0'a:»-|-i>ar»+. 
Clearing of fractions, 

— A —B —c\ 
Equating like coefficients, 

^=1 



B—A = l^ 
C—B=0 

D—O=:0i 

Substituting, we have 
l+x 



whence 



A = l 

B=2 

0=2 

VD=2 



l-r-X 



l-\-2x-\-2a?-\-23*-\-. 
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Clearing of fractions, 
l = A(f-\- c?B 



x-\- (fO 
+ 6a»J? 
+ 12a^ 



4- 12a B 
■^ % A 



0^+, 



Equating like coefficients, 

8^ + 12aj5+6a«0'+a«iD=0 



whence -« 






i>= — 



80 



Substituting, we have 

1 __ 
(a+2a;)»~a» 



_ 1 6z . 24a:« 80a:» . 
» — /.« a* ' a* d» ' ' 



Clearing of fractions, 



^qu) 


1 = 0"^+ a" J? 
4-2a^ 

iting like coefficients, 


x + 

+ 
+ 


2a ^. 


+ 2a 
•+ B 


7» 




a*A=l 






f^=i 




2a^ + a«-B=0 
J[+2o5+a''C=0 


• when 


ce- 


^=-1 
<'=i 




5+2aC+»'/? 


= 






Dz= — 


4 
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Substituting, we have 

1 



x + SO 
— B 



(a+xf ~ c? a» 

10. Assume -; -z 

ox — vr 

Clearing of fractions, 

1 = 3.4 + 3J9 
— A 
Equating like coefficients, 

3^ = 1 
3J?— ^ = 
3(7— J9=0 
3i>— (7=0 
Substituting, we have, 
1 









ar»+3i) 

— O 



whence 



B = i 



•fc I U/ I alb I it" I 

3x — a^~"r ' 9"" 27 ""si ' ' 



11. Assume ^^^^ = ^+5a:+ 0'a:«+2?a^+^ar«+. 



x+0 


3?Jf-D 


!»>'-\-E 


— B 


— 


—D 


—A 


— B 


— 



Clearing of fractions, 
l4-2a; = J+J5 
— A 

Equating like coefficients, 

A = V 
B—A = 2 
0—B—A = > whence ^ (7= 4 
D—O—B=0 2)=7 

E—D—O=0) \.E=n 

Substituting, we have, % 

17 • 



a* 4-, 



^^ = 1 

J?=3 
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12. Assume ^^_^^ =^ar«+j5ari+C7+i>a:-4-^x»-f. 
Clearing of fractions, 



2 = 8^ + 3^ a: + 3a ar» + 32) 
— 2A —2B —2C 
Equating like coefficients, 

3^ = 2 
3B—2A = 
3 G — 2 J5 = )• whence < 
3D— 20=2 
SE—2D=i 
Substituting, we have, 



— 2D 

(7= A 



2ar-« , 4ari 



16a: , 82a;« 



8a:« — 2a:"' 



3 



9 



f^4 



27 ' 81 



243 



DECOMPOSITION OP RATIONAL FRACTIONS, 
(Art. 370, pp. 294, 296.) 



3. Assume 



8a:— 5 



(a:— 8) (a:— 6) ~ IT^^ ' J^^' 
Clearing of fractions, and uniting, 

3a: — 5 = — 5^ — 8^+(^ + J9)a: 
Equating like coefficients, * 

-^^-«^ = -M whence i^=^ 
A+ B=3 ) 

Substituting, we have, 

. 8a:^ 5 19 10 

JTZis^TipiO ~ 8(a; — 8) ~ 3 (a:— 6) 



1+^_A.B^ C 



J5 = — Y 



4. Assume 



ar — a:«" 



1 — a:^ 1+x 
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Clearing of fractions, and uniting, 
Equating like coefficients, * 

B+ C=oi whence ^.5=1 

Substituting, we have, 

l+x" _ 1 , 1 1_ 

X — si^ a:"' 1 — x 1-^x 



e . 3^ A , B. 

5. Assume 



(a?— .l)(ar— 2) a:— 2 ' a;— 1 ' rc+l' 
Clearing of fractions, and uniting, 

- a^=i—A — 2B+20+(—B'^BO)x+{A+B+0)x' 
Equating like coefficients, 

— B—BG=0 i whence < ^ = — J 

A^ B+ (7=^1) io=^ 

Substituting, we have, 

g* _ 4 1 . 1 

(a:«—l)(a;—2)~3(a: — 2) 2 (x — 1) ' 6 (»+ 1) 

Clearing of fractions, 

3a:+2 = ^(ic«+3ar' + 3a:+l)+J9(a»-|-2ar»+a:) 

Arranging terms, 

3x-\-2 =A-\- (3 A + B'^C'+I))x+(B A -^ 2 B'\'0)x' 
+ (A^B)af^ 



200 KEY TO HIGHER ALGEBRA. 

Equating like coefficients, 



J = 2 

8A-{-2B-\-G=0 
A-\-B^O. 


- whence - 


'A = 2 
B— — 2 

G= — 2 


Substitatiiig, we have, 






ix+i _2 2 


2 


1 1 



x(a:+l)» X x+1 (a:+l)« ' (a:+l)« 

BINOMIAL THEOREM. ANY EXPONENT. 
(Arts. 374, S76, pp. 298.-301.) 
4. Substituting 2 x for x, and - for -, in formula (D), 
(l+2.)i = l+K2.) + ^j^(2.r+Hl^^ 
, 1(1^2) (1-4) (1-6) 



1.2.8.4.2* 



(20:)*+.. 



— 1-1- 1.1.2* ^ , 1.1.3.2» ^ 1.1.8.5.2* ^ , 



1.2.2« ' 1.2.3.: 
= l-j-a: — io^+iarfi — fa?*+. 



1.2.8.4. 



5. Substituting — x for a:, and 1 for w, in formula (C), 

(i-.)- = i + i.+ l^)«.+ L^i^^ 

l(l + l)(l + 2)(l + 3) 
' 1.2.8.4 ' 



1 . 2 



1.2.3 



1.2.3.4 



^•^^1.2^1 .2.8 ~ 1.2. 8.4 ~ 



= 1 -)_a; 4-a:3 -|_aJ»_j_a?* + . 
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6. Substituting - for •£ in fonnula (E), 

-1 lx\ ^-^ ^ '•^•" :^ I 



7. 2 (c +«)-*= I A 4- -V . Substitoting in fonnula (C), 

(■+r=i(\-^H^-^'0)' ' 

2(2+l)(2+2) /x\» , \ 

17278 \c)'T''") 

2/ 2g , 2.8a' - 2.8.4a;» , \ 

— c«V c +1.2c'^1.2.8c»"1 7 



2 iaj^ea* Ss'j^ 



8. ■ ^ = (1 4-ai*) «. -Substituting in formula (E), 

(1 +0.)-*= 1 - i»^+Hl±|^-l-(y^i±l)^+ 



— A *^-ri.2.2«^~1.2.3.2»^"T"l.2.3.4.2*^~-'"- 



= 1 — ia:a^|^_^^6_|.^^. 



9. x^(a^—y) ^=x(l—^ i Substituting in fonnula (E), 

^/l — yy^ — ^/i I ly I l-Sy' I 1.3.53/» 
\ a;*/ ~ V^2a:«^1.2.2«a:*■^"l.2.3.2»a;« 



1^3^. 7y* 



1.2.3.4.2*a:8 



■h....) 
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— *V + 2^ + 87« + l6?+1285"< 7 



10. Substituting in formula (B), 

(o»— ai»)~^ = a~^— (—1) a-^x'-\- tl^Spi^a^a* 

11. ^^^ = «(J« + c*)-* = j(l+g)-i SubstitatJug 

in formula (E), 

m/ , c|\-J_TO/ Itf* . 1.8 c? 1.8.5 (^ 

6V ' ft*/ ~6\ 2J*' 1.2.2«ft» 1.2.3.2«y' 

, 1.8.5.7 c» \ 

+ 1.2.8.4.2*ft*~ ) 

~6V 2J* + 86* 16*^ + 1286* ""V 

13. ^ = v'8+l = 2(l+i)* 

-2^4-' ^ I Ul-3) /lY I(l-.3)(1~6) /1Y , \ 

— '^V^ + 8-8+ 1.2.8«W^ 1.2.3.8» \s) + / 

\ '3.8 1.2.3«.8«~1.2.3.8».8» 



1.2.5.8 



1 . 2 . 8 . 4 . 8* . 8* 
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_2J-_J I I 5 ^ u 

^^3.2^ 3* . 2* '" 3* . 2® 35 . 2*'* ' 

= 2-j-tV — iri^ + myl^^j^ ^^ in A^ir + • • • • • 

= 24- .08333 — .00347 + .00024 — .00002 

= 2.08357 — .00349 = 2.08008 

14. ^39 = ^32 + 7 = 2 (1 + /|f)* 

■ gA I 7 1.4. 7« 1.4.9.7' 

V ' ^ • 2* 1 . 2 . 5^ 2^» ^ 1 . 2 . 3 . 5« . 2" 

1 . 4 . 9 . 14 . 7* \ 

1.2.3.4.5*.2»'T" ) 

2 I _j; 7« 8.7» 3 . 7» 

•6.2* 5« . 2» ' ST^ 5* . 2^» ' 



= 2+^— ir«(r+T7j"j^irTy— ^!rfM8W+- 
: 2 + .0875 — .00766 + .001. — .00015 
: 2.0885 — .0078 = 2.0807 



15. V^eO = V^243 + 17 = 3 A + ~)* 

\_q/ . 1.17 1.4.17^ 1.4.9. 17» \ 
~ V ' 5.3» 1.2.5«.3^'>+1.2.3.5».3« / 

Q , 17 2. 17« . 2. 17» 



5.3* 5«.3'» * 6«.3»» 

= 3 -|_ .041 975 — .001 1 75 + .00005 
= 3.042025 — .001175 = 3.04085 
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'l6. 'V^IOB = ^^128 — 20 = 2 (1 —A)* 

— o/i_^ 5 I ia-7) /5Y 1(1-7) (1-14) /ay \ 

~ V 7 • 82 ' 1 . 2 . 7» V32/ 1 . 2 . 3 . 7« \82/ "»"••• y 



-( 



6 1 . 6 . 5« 1.6.18.5' 

7.2» 1.2.7«.2«> 1.2.'8.7».2" 

1 . 6 . 13 . 20 . 5* 
1 . 2 . 3 . 4 . 7* . 2» 



- ) 



6 3.5' _ 18.5' ^ 13 .5* _ 18 . 8» . 5* 

— 7.2* 7« . 2* 7' . 2'* 7* . 2" 7» . 2^* " 



= 2 — rf 7 — T^iNis — tbWA:? — Tsg^aWig? — 

= 2 — .044643 — .002989 — .000289 — .000032—000004 
= 2 — .047957 = 1.952043 

REVERSION OF SERIES. 

(Abt. 376, pp. 801-803.) 

1. Here a, h, c, are all 1. Substituting this value in 

formula (A), we obtain 

2. Here a = 2, i = 3, c = 4, rf = 5, etc. Substituting these 
values in formula (B), we obtain 

3. Here a = 1, b = ^, c = ^, d = ^, etc. Substituting 
these values in formula (A), and using y — 1 for y, we have for 
the value of x, 

(y-i)-i(y-i)'+(i-*)(y-i)''-(t-A+A).(y-i)*+.. 

Or,a:=(y-l)_i(y— l)s + ^(y_l)»_;J(y_l)4_|_.. 
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4. Here a = l, 5 = — ^, c = J, rf= — |, etc. Substituting 
these values in formula (B), we have 

a'=y-(-i)y+(*-*)y'-(-* + A->)j''+--.. 

Or, x=y-{-if/'-{-^t^-\-^y-'-\- 



5. Assume y^Ax-\- Ba? -j- Ca? -\- Substituting 

this value of ^ in the original equation, we have 



ax-\-ba^-\-c3^-\- ,.,. = mAx-\-mB 

tiA^ 



a^+ mC 
-\-2nAB 
+ pA' 



.?-{-. 



Equating the like coefficients of x, 
mA=a 
m B-\' nA^ = b > whence 



A=^ 

m 



B= 



hm? — c?n 



m» 



^ cm*-ra*mp^—2an(bm* — a*n) 
o = — 



mO+2nAB-{-pA^=c 
Substituting, we have 

y=^^'\ — ^^ — ^H ^» ^^+- 



SUMMATION OF INFINITE SERIES. 

RECURRING SERIES. 

(Art. 381, pp. 305-307.) 

2. Here, a=l,5=2, c = 3, ^ = 5, etc Substituting these 
values in formulas (A), 

5—6 , 9 — 10 , 

^ = 8=4 = ^' ^ = -8=:4=l' 



whence, by fommla (D), 



1 X 3^ 

18 



1+^ 

1— X — a;* 
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oTT ^ z ^^ ^^ J a(? . -, 
8. Here, a = T, 6 = — -^, c = -^, a = ^, ^tc It la 

evident that each of these is the product of the next preceding one 

c 
hj — T ; hence the series is a geometrical progression, or a recur- 

ring series of the first order, in which ^ = — r. Substituting in 

formula (E), 

a 
c. h a 






4. Here, a = 4, ft = 9, c = 21, c^=:5l, etc Substituting 
in formulas (A), 

_ 204— 189 1^_5 

441 — 469 —18 ^ ^ 

= — 7i — =1= D. 



* 84 — 81 3 

Whence, bj formula (D), 

g_ 4+(9 — 20)a? _ 4 — liar 
1 — 5x + 6aj» ~l — 6a?+6a* 

5. Here a = 1, 5 = 3, c = 5, d=z7, etc Substituting in 

formulas (A), 

7 — 15 —8 ^ 
^ = 3139=114 = 2 

26 — 21 4 

^ = -6=9- = =4 = -^ 

Whence, by formula (D), 

1 — 2x + a;* — (l_a;)« 

6. Herea = 2, 5 = — 1, c = 2, rf== — 5, e = 10,/= — 17, 
etc Substituting in formulas (B), 
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— 5= 2p^ q + ^r (1) 

10 = — 5p + 2q — r (2) 

— 17= 10p — 5q + 2r (3) 

MultiplTing (2) by 2, 20 = — 10:p + 4y — 2r (4) 

Adding (3) and (4), q=z — 3 (5) 

Adding (1) and (4), 15= — Sp + Sq (6) 

Subst (5) in (6), 8^? = — 24 

Whence, jo = — 3 

Subst in (2), ^ r = _10-f 15 — 6 = — 1 

Substituting in formula (F), and writing a for a:, 

.^ _ 2+(— l + 6)a + (2-X8-f 6)a« _ 2 + 5a-f 5a« 

7. Here-a = 3, J = 5, c = 7, rf = 13, e = 23, /= 45, etc 
Substituting in formulas (B), 

13= 7p+ 5y+ 3r (1) 

23= 13jo+ 7^+ 5r (2) 

45= 23;> + 13y+ 7r (3) 

Multiplying (1) by 5, 65= 35;? + 25 g^ + 15 r (4) 

Multiplying (2) by 3, 69= 39^ + 21y + 15r (5) 

Subtracting (4) froni^S), 4 = 4 p — Aq (6) 

Multiplying (2) by 7, 161= 91p + 49^ + 35r (7) 

Multiplying (3) by 5, 225 = 1 15 j» + 65 ^ + 35 r (8). 

Subtracting (7) from (8), 64= 24j»4-16g' (9) 

Multiplying (6) by 4, 16= IQp — lQq (10) 

Adding (9) and (10), 80= 40;> 

Whence, /> = 2 

Substituting in (6), q=:l 



208 KEY TO HIGHER ALGEBRA. 

Substituting in (1), 8r=13 — 14 — Sss — 6 
Whence, r = — 2 

Substituting in formula (F), 

8-t-(S — 6)g-}-(7— 10 — Sja* 8— x— 6a^ 

I — 2x— 3^+21? 1 — 2x— af+2a'. 

DIFFEKENTIAL METHOD. 
(Art. 385, pp. 809-311.) 

8. 6, 9, 17, 85, eS, 99, 

S; 8, 18, 28, 36, 

5, 10, 10, 8, 

5, 0, ->2 

-5,-2, 

8, 



4. 8, 6, 11, 17, 24, 36, 60, 

8, 6, 6, 7, 12, 14, 

2, 1, 1, 5, 2, 

— 1, 0, 4,-3, 

1. 4,-7, 

3, —11, 

- 14, 

5. 8, 5, 8, 12, 17, 

2, 3, 4, 5 

1, 1, 1....... 

0, 0, 

Hence a =: 8, di = 2, <4 = 1, (4 = 0, and n = 7. 
Substituting in fororala (A), 

2; = 8 + 12 + ^ = 8 + 12+ 15 = 30 
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€• 1, 4, 10, 20, 35, 

. 8, 6, 10, 15, 

S, 4, 5, 

1, X, • • • • 

0, 

Hence a == 1, di = S, (^ =:= 3, c?8 = 1, rf'4 == 0, and n = 12. 
Substituting in fonnula (B), 

e _,o , 12»ll o , 12.11.10 ^ , 12.11.10.9 

= 12 + 198 + 660 + 495 = 1365 

7/ 1, 2, 3, 4, 5, 

1, 1, 1, 1, 

0, 0, 0, ... 

Hence a = 1, e?i = 1, e^ = 0, and « = 100. Substituting 
in formula (B), 

^ = 100 + i^^ = 100 + 4950 = 5050 

8. 1, 4, 9, 16, 25,.... 

3, 5, 7, 9, 

2, 2, 2, 

0, 0, 

Hence « = 1, rfi = 3, c^ = 2, ^4 = 0, and « = 15. Substi- 
tuting in formula (A), 

2i,= l + 14x3 + ^i^^2=l+42+182 = 225 

9. 1, 8, 27, 64, 125, 

7, 19, 37, 61,- 

12, 18, 24, 

6, e; 

0, 

18* 
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Hence a = 1, (^ i= 7, rf^ = 12, <^ = 6, and d^ = 0. Substi- 
tuting in formula (B), 



<? I ^(^>— >7 t «(w — l)(n 

^--""-^ T72^^-\ r72T8 



-l)(n-2) 



12 



I n(n-l)(n->2)(n^8) 
"f" 1.2.3.4 



— |n=i»2+i»» + in* = i(n* + 2«8 + n^ 

10. 1, 16, 81, 256, 625, 1296, 

15, 65, 175, 869, 671, 

50, 110, 194, 302, 

60, 84, 108, . 

24, 24, 

0, 

Hence, a = 1, cfj = 15, c^ = 50, £^ = 60, d^ = 24, and 
d^ = 0. Substituting in formula (B), 

^n=n+gi^i5+ "^"7;,^^r'^ ^ 

n(n-l)(«-2)(n^8) , n(n~l)(n-^2) (n^8) (n ^4) 

"1 1.2.3.4 ^""t lTk.3.4.5 ^* 

= w + J^w2 — Jj^n + ^«« — 25w2 + ^#w + f«* — 15«« 
-j-jyLn2_15w + J?i*— 2«*4.7«» — 10«2-j_Y« 

n* ^, n* j^ n' n «. 

~ 6 "+" i"*"!" ~30 

11. 1, 3, 6, 10, 15, 

Jif O, 4-,' d, . • . • 

1, 1, !,••.. 
0, 0, 

Hence a= 1, rfi = 2, (4=1, <4 = 0, and »= 9. Substi- 
tuting in formula (B), . 

.% = 9 + ^^;42 + i^ = 9 + 72 + 84 = 165 
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12. The series is the same as in the 8th example ; hence a=l, 
di = 3, d2 = 2, d^=0, and n = 25. Substituting in formula (B), 

^ = 25 + ^4^ 3 + ^V!f 'a^^ 2 = 25 + 900+4600=5525. 

1*2 l*2*u 

INTERPOLATION. 

(Art. 387, pp. 311-313.) 

3. First differences, .0207, .0205, .0203 
Second differences, — .0002, — .0002 

Hence a = 4, rfi = .0207, cfg = — -0002, and ^ = 2.5. Sub- 
stituting in the formula, 

< = 4 + 2.5 X .0207 + ^j1><l^ (_ .0002) 
= 4 + .0518 — .0004 = 4.0514 

4. First differences, —.69, —.71, —.72 
Second differences, — .02, — .01 
Third difference, .01 

Hence, o = 45.28, rfi = — .69, ^'2==- .02, <4 = .01, and 
p zzz l^. Substituting in the formula, 

t = 45.28 + 1(— .69) + t2<i (_ .02) 

= 45.28 — 1.035 — .008 = 44.24 
The fourth term would be less than .01, for 6?8 = .01. 

5. First differences, .051933, .050480, .049124 
Second differences, — .001453, — .001356 
Thii-d difference, .000097 

Hence, a = 3.556893, d^^ = .051933, (^ = — .001453, 
d^ = .000097, and ^ = 1^. Substituting in the formula. 
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t = 3.556893 + 1 (.051933) + | (—.001453) —^ (.000097) 
= 3.556893 + .077899 — .000545 — .000006 = 3.634241 

6. First differences, .080, .086, .092 

Second differences, .006, .006 

Hence a = 1.145, di = .080, ^ = .006, and ;> := 2^. Sub- 
stituting in the formula, 

t = 1.145 + } (.080) + 1^ (.006) 

= 1.145 +.200 + .011 = 1.356 

If the work were carried out to four places of decimals, we 
should obtain 1.357. 





LOGARITHMS. 




• TABLES OF COMMON LOGARITHMS. 




(Art. 417, pp. 326, 827.) 


1. 


Obtained directly from Table II. 


2. 


log 49 = 1.690196 




log 15 = 1.176091 . 




log 735 = 2.866287 




log 10000 = 4 



log .0735 = 2.866287 

3. log 1728 = 3 log 12 = 3 X 1.079181 = 3.237543. 

4. Obtained directly from Table I., by Art. 395. . 
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(5.) 

log 1.17 = 0.068186 
log 2 = 0.301030 
log 2.34 = 0.369216 

(7.) 
log 3 = 0.477121 
log 107 = 2.029384 
2.447737 



(9.) 

log 1038 — log 1037 = 418 

log 1.037 = 0.015779 

418 X. 5= 209 

log 1.0375 = 0.015988 

12. 3.010724 = log 1025. 

' (13.) 
Given log = 0.009663 ., 
log 1.022 = 0.009451 
r ^ . 212 
212 4 424 = .5 
Hence 0.009663 = log 1.0225 



(6.) 
log 37 = 1.568202 
log 94 = 1.973128 
log fj = 1.595074 

(8.) 

log 81 = 1.908485 

log 5 = 0.698970 

2.607455 

log 23 = 1.361728 

log 17iJ = 1.245727 

(10.) 
log 1049 — log 1048 = 414. 
log 104.8 = 2.020361 ^ 
414 X .57 = 236 

2.020597 



(14.) 
Given log = 3.009264 
log 1021 = 3:009026 

238 
238 -4- 424 = .56 
Hence 3.009264 = log 1021.56 



EXPONENTIAL EQUATIONS. 

(Art. 420, pp. 328, 329.) 

Given 
Applying log, 

Whence, x = -ff-^ = T.7ZI = 2.465 



3«' = 15 
a; log 3 = log 15 



l og 15 1.17609 , 

^ ~ io^ ~ 0.47712 
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3. 


Given 


5« = 100 




AppL log. 


ar log 5 = log 100 




Whence, 


^_loglOO_ 2 2^gj 
log 5 .699 


4. 


Given 


ali' = c 




AppL log, 


loga + a:log.5 = logc 




Or, . 


« log ft = log c — log a 




Whence, 


log c — logo 

"^ \ogh 


6. 


Given 


6«=- 



2 

Raising to a;th power, 6^ = (J)* 
Appl. log, log 36 = a; (log 5 — log 2) 



Whence, 



log 36 1.5563 



log 5 — log 2 .699 — .801 



^ 1.6568 ^^-, 



8. Given — —^ = n 

a 

Whence, alf = dn — c 

Appl. log, log a -|- a; log b=z\og(dn — c) 

log (dn — c) — log a 



Whence, 



log ft 



9. Given af^''^=:zl 

Appl. log, log a -|~ (** — 1 ) log r = log / 
Whence, „_i=i£g^Z^ 

Or, n^JSL'zilSg^+i 

logr f 
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10. Given . a (r« — 1) = (r — 1) 5 

- Or, ar^ = a+(r—l)S 

AppL log^ log a + n logr = log [a + (r — 1) S"] 
Whence, ^ ^ log [a + (r -l^)^]- log a 

11. Eliminating r from the two fundamental equations we ob- 
tain, as in the Table, Art 344, 

Appl. log, 

log /+ (n— 1) log (S—l) = loga + (n — 1) log (S—a) 
Or, (n— l)log(5^— o) — (w— l)log(AS'— /) = log Z — loga 

mence, n-1 = ^,g (^^^)I;;|^(^,q 

Or n — log g— logo , 

'^''' ** — log (5-o)-log (5-0 "^ 

12. Eliminating a from the two fundamental equations we ob- 
tain, as in the Table, 

Factoring, [Zr — (r — 1) S^ r"-^ = / 

AppL log, logpr— (r—l)^] + (7» — l) logr = log/ 



Whence, n — 1 



logr 



Or, ^^log^-logPr-(r-l)53 

' log r ^ 

(Art. 421^ pp. 329, 330.) 

2, Here, a: log a: = log 10 = 1, and upon trial the value of 
X is found to be between 2 and 3. 

a: log ar = 2 log 2 = 2 X 0.301 = 0.60 
a; log a; = 3 log 3 = 3 X 0.477 = 1.43 
Difference of results = .83 
.83 : 1 :: .43^ : .5, the correction. 
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x\ogx = 2.5 log 2.5 = 2.5 X 0.39794 = 0.99485 . 
a: log a: = 2.6 log 2.6 = 2.6 X 0.41497 = 1.07892 
Difference of results = 0.08407 
.08407 : 0.1 :: .00515 : .006, the correction, 
a? = 2.5 + .006 = 2.506 

3. The value of x is found by trial to be exactly 4. 

4. Here a: log a: = log 5 = 0.699, and upon trial the value 
of a; is found to be between 2 and 3. As in the 2d example, the 
difference of the results is found to be .83. 

•83 : 1 :: 0.1 : .1, the correction. 

a: log a; = 2.1 log 2.1 = 2.1 X 0.32222 = 0.6767 

a: log a; = 2.2 log 2.2 = 2.2 X 0.34242 = 0.7533 

Difference of results = .0766 

.0766 : 0.1 :: .0223 : .029, the correction. 

a; = 2.1 + .029 = 2.129 

COMPOUND INTEREST AND ANNUITIES. 

(Art. 428, pp. 332-334.) 

1. Given ^_«J{l+!rz±] ,- 

r 

Or, a(l + r)»z=a + r^ 

AppLlog, loga + » log (1 +r) = log (a + r^) 

Whence, ^ ^ log(a+r^)~ioga 

log (1+0 

2. Given p^ a[(l + r)>^l] 

Clear, of fract., rP(l + r)» = a (1 -\-ry—a 

Factoring, etc., (a — r P) (1 -f- r)" = a 

Appl. log, log (a — r P) -f- « log (1 -|- r) == log a 

Whence, ^^ log a-log (a-rP) 

log(l+r) 
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3. Here P = 1, ^ = 2, and r = .06. Substituting in for 
mula (4), Art. 423, 

_ log 2-log 1 _ 0.3010 _ .. n 
~ ' log 1.06 ~ 0.0253 ~ 

4. Here P=16, r= .05, and w = 30. Substituting in 
formula (1), Art. 423, log ^ = log 16 + 30 log 1.05 

log 16 = 1.204120 log 70 = 1.845098 

30 log 1.05 = 0.635670 log 69 = 1.868849 " 

1.839790 6249 

- log 69 = 1.838849 941-^-6249= .15 
941 69 + .15 = 69.15 

5. Here P = 500, r = .03. and n = 18. Substituting in 
formula (1), Art. 423, or in formula (B), 

log A = log 500 + 18 log 1.03. 
log 500 = 2.698970 
18 l og 1.03 = 0.231066 
log 851.21 = 2.930036 

6. Here jP= 2233.57, r = .06, and A = 4000. Substituting 
in formula (4), Art. 423 

8.602060 — 3.349000 .253060 



0.025306 .025306 " 



10 



log A = log 4000 = 3.602060 

n log (1 + r) = 10 log 1.06 = 0.253060 

log P = log 2233.57 = 3.349000 

log A = log 4000 = 3.602060 

log P= log 2233.57 = 3.349000 

10 )0.253060 

log (1 + r) = log 1.06 = 0.025306 

r = 1.06 — 1 = .06 
19 
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9. Here P= 1, ^ = 2, and r = .20. Substituting in formula 
(4), Art. 423, 

tog 2— log 1 _ 0.801 _ 

log 1.2 ~ 0.079 
3.8 X 10 years = 38 years.- 

10. Here a = 500, « = 10, and r = .06. Substituting in 
formula (D), 

10 log 1.06 = 0.253060 
log 1.06 = 0.025306 log (.06 X LOe^^) = 1.031211 

10 log .79085 = I.89B095 

log 1.79085 = 0.253060 0.866884 

log 500 = 2.698970 ^ 
log 3680.04 = 3.565854 

11. Here a = 1200 and r = .05. Substituting in formula 
(E), p^l^^^^ooo. 

.05 

12. here r = .06, n = 10, and P = 3680.04. Formula (D) 
may be put in the form 

_ rP(lrfr)'» 
^— (l_j_r)» — 1 

log r = log .06 = 2.778151 

log P = log 3680.04 = 3.565854 

log (1 -f r)« = 10 log 1.06 = 0.253060 

2.597065 

From Prob. 10, log [(1 -j-r)'' — 1] = T.898095 

log a = log 500 = 2.698970 

13. Here P=8000, r = .05, and a = 850. Substituting 
these values in the formula of Prob. 2, 
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loa 850 — log 450 2.9294 — 2.6532 .2762 ^ o ao ^ 



log 1.05 .02119 .02119 

^13 years 12 days. 

14. Here a = 150, r = .015, and » = 22. Substituting in 
formula (C), 

^_ 150(1.015"— 1) 

^— :oi5 

log 1.015 = 0.006466 

22 150 X .38756 



log 1.38756 = 0.142252 .015 



= 3875.6 



GENERAL THEORY OF. EQUATIONS. 

GENERAL PROPERTIES. 

DIVISIBILITY OF EQUATIONS. 

(Art. 435, p. 336.) 

3. (a:« + x2 — 17a: + 15)-^(ar-.l)=a;2 + 2a:— 15, with 
no remainder. 

4. Ans. a:4-2. 5. Ans, — 3. 

NUMBER OF ROOTS. 

(Art. 439, pp. 338, 339.) 
2. Dividing a:«— 19a:+30 by x—2, we obtain ar^-|-2a; — 15. 
Depressed equatiop, x^-\-2x — 15 = 
Completing square, a^-\'2x-\-l =^ 16 
Evolving, X'\-l =: ± 4 

Whence, a: = 3, and — 5 
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.3. It is evident that one root is a. Dividing 7? — a' by a:— a, 
we obtain x^-\'ax-\'a\ 
Depressed equation, a^'\-ax-\-a^=-0 

Completing square, a5^-|"®^"hT = T" 

Evolving, X 4- 1 = ± I V— 3 

Whence, a? = | (— 1 db V^^) 

4. Dividing aj' + a:^ — 16 a: + 20 by a: +5, we obtain 

05^ — 4 a: -f- 4. 
Depressed equation, x^ — 4a;-f"4 = 
Evolving, X — 2 = 

Whence, . a; = 2, and 2 

5. Dividing a?* — 3a:»— 14ar* + 48ar — 32 by x—l and 
X — 2, or by a? — 3ar-|-2, we obtain x^ — 16; hence the de- 
pressed equation is a:* — 16 = 0, or a:^ = 1 6, whence a? = -4- 4. 

6. Dividing a?* — 7 a:' -["3 a: -j- 3 by x — 1, we obtain a? — 6a:* 
— 6a;— ^3; hence the depressed equation is 

Ans. a:*— 6 ar»— 6a: — 3 = 0. 

FORMATION OF EQUATIONS. 

(Art. 440, pp. 339, 340.) 

2. (a:4-l)(a: + 3)(a: + 5)=a:» + 9ar» + 23a:+15. . 

3. (a:— 1) (a: — 2) (a: — 3) (a:— 4) 

= a:* — 10 a:» + 35 ar» — 50a: + 24. 

4. (x-\){x-\){x-^)=7?-:^x'^-x-^. 

5. (a: — 4)(a: — 4)(a: — 5)=a:8— 13a:? + 56a: — 80. 

6. (x — 5)(a: + 2)(a:4-3)=aJ»— 19a: — 30^ 
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7. (x—l){x+l)(x—2)(x+2) = (a^—l){x' — i) 

= «*— 5ar»-f 4. 

8. (x--0)(x-\-l)(x—3)(x—4:)=x^—ea^-\-da^+12x. 

COMPOSITION OF COEFFICIENTS. 

(Art. 444, pp. 341, 342.) 
1. Ans. 0. (Art 442.) 
• 2. — 2 — 3— 4 = — 9; hence— 8ar» shouldbe — 9a:«. 
2X3 + 2X4 + 3X 4=6 + 8 + 12 = 26. 
(_2) (—3) (—4) =" — 24. The second term is, therefore, 
the only one that should be changed. 

3. — 3 — 5 + 2 — § = — 6f = — ^% and as the equation 
is of the fourth degree, the second term must contain x*. 

(_3) (—5) (2) (_!)=_ 20, the last tenn. 

4. (_2)(— 3) + (— 2)4+(— 3)4=6— 8— 12=— 14. 

2x3X(--4)= — 24. 

5. — 1 — 2 — 3 = — 6; hence the second term is — 6 ar*. 
1X2 + 1X3 + 2x3 = 2 + 3 + 6 = 11; hence the third 

term is 11 x, 

(— 1) (— 2) (— 3) = — 6, the last term. 

6. As the absolute tenn is wanting, at least one root must be 0. 
(Art. 442.) As the term containing x is also wanting, two roots 
must be 0. Dividing by a^ — 0, or x^, we obtain the 

Depressed equation, a:^+8a!;+10 = 

Completing the square, a:*+8a;+16 = 6 

Evolving, ar + 4 = d= V6 

Whence, ar = — 4 dz V6 

19* 
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7. — 3 — ( — 1 — 2) = = coefficient of second term. 
_ 32 -i- [(_ 1) (—2)] =— 32-^2 = — 16 = absolute ternL 

Hence the depressed equation is os^ — 16 = 0, whose roots are 
4 and — 4. Ans. ar»— 16 = 0. 

IMAGINARY ROOTS. 
(Art. 451, p. 344.) 

1. Dividing a^ -}- x^ -\- 4: by x -}- 2, we obtain ar* — x-\-2. 

Depressed equation, a^ — a: -|- 2 = 

Completing square, x^ — x-\-^ = — } 

,^ ld=\/^=^ 
Whence, . x= ^ 

2. By Art 448, one of the other roots must be 4 — VSO. The 
product of two quantities with the signs changed is the same as 

the product of those quantities. The product of 4 + V30 and 

4 — VsOis 16 — 30, or — 14. As there can be but three roots 

(Art. 436), the remaining root (Art. 441), must then be — 56 
-5-(— 14) = 4. 

3. By Art. 448, one of the other roots must be 2-[-2V2. 
The sum of the pair of known roots is 4, and their product is — 4. 
The depressed equation may be obtained by either Art. 444 or 
Art. 439. If the latter method is used, it will be better to divide 

by [ar— (2 + 2 V2)] [a:— (2 — 2 \/2)], or ar*— 4a; — 4. 
Depressed equation, x^ — x — 2 = 
Completing square, a^ — a: -j- ^ = | 
Evolving X — ^ = :±:^ 

Whence, a; = 2, and — 1 

4. By Art. 447, one of the other roots must be — 1 — 3 V-^^; 
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and the product of the pair of imaginary roots is 10. As there 
can be but three roots (Art. 436), the remaining root (Art. 441), 
is_50-f-10 = _5. 

• Ans. — 1 — 3 V^^, and —5. 

DESCARTES* RULE. 

(Art. 456, pp. 346, 347.) 

1. It can have no negative root because it has no permanefice 
of sign (Arts. 452, 433) ; and it can have no more than three 
positive roots because it has onlj three variatimis of sign. 

2. Whatever sign is used for the second term, there will be 
one variation and two permanences; hence there must be one 
positive root and two negative ones. 

3. Given s^±:Q7^—lOx'^^=.0. Whether the sign of 
the second term is taken as + or — there will in each case be 

two variations of sign and one permanence. 

• 

4. Given s^ — 7ar*it0a;-|-36 = 0, in which there are two 
variations and one permanence. 

Ans. Two positive ; one negative. 

5. Given x* — x^±Oa; — 4=0. Taking the upper sign of 
X there is no permanence, and taking the lower sign there is but 
one variation ; hence there is no negative root and but one posi- 
tive root. The remaining two (Art._436) must therefore be im- 
aginary (Art. 453). 

6. There are four variations and one permanence. 

7. There are two permanences and no variation. 

Ans. Both negative. 
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TRANSFORMATION OF EQUATIONS. 
(Art. 457, pp. 847, 348.) 

2. Ans. a^-\-2a^ — x— 132 = 0. 

3. Ane. — 5, — 2, and 1. 

(Art. 459, p. 349.) 

All these equations may be transfonned bj a direct application 
of the rule found in Art 458. 

3. As the term containing a^ is missing, — 7 must be multi- 
plied by 4^, and — 6 by 4*. 

4. Multiply — I by J and — 27 by (^y for the coefficients of 
the transformed equation. 

(Art. 460, pp. 349, 350.) 

2. Assume the factor 2, that is, transform the equation into one 
whose roots are twice as*great. As the second term is wanting, 
I X 2^ and — f X 2* are the coefficients of the last two terms. 

3. Assume the factor 2 ; then the coefficients of the transformed 
equation are — 5 X 2, ^ X 2^, ^i^ x 2*, and | X 2*. 

4; Assume the factor hn; then the coefficients of the trans- 
formed equation are — — X ^^ a^d j-X^n\ 

5. Assume the factor 30 ; then the coefficients of the trans- 
formed equation are ^ X 30, — J X 30^, — ^ X 30*. 

(Art. 461, pp. 350, 351.) 

1. The first form is — G^^® + 11 y^ _ 6y -f 1 = 0, and di- 
viding by — 6 we obtain y® — ^y^-\-y — 6=^* 



GENERAL THEORY OF EQUATIONS. 225 

2. The first form is 2y*+/ — Sf — y-\-l=0,Sind dividing 
by 2 we ohimnt/^-\-^f—^f — ^y-\-^ = 0. 

3. The first form is —:^f'{-^y^ — ^y-\-l=0, and di- 
viding hj — :5>y, or multiplying by — 49, we obtain y* — 42 y* 
-j_441y_49=:a. 

4. The first form is di/^ztOy^ — 45^4-l = ^> ^^ dividing 
by 9 we obtain y* — |y-j-J^=:0. 





(Art. 


465, pp. 

(4.) 


364 


-866.) , 


1 


— 9 


+ 26 




— 24|+1 




+ 1 


— 8 




+ 18 


- 


— 8 - 


+ 18 




— 6 = t/ 




+ 1 

— 7 


— 7 
+ 11 = 


It/ 




+1 

Hence, according to .^t. 463, the 


* 

reqnii-ed equation 


-l-liy-6. 


= 0. 


(5.) 






1 


— 13 


+ 56 




— 80 I + 3 




+ 3 


— 30 




+ 78 




— 10 


+ 26 




— 2 = t/ 




+ 3 


— 21 








— 7 


+ 6 = 


= «' 






+ 3 









— 4z=tf 
Hence, according to Art. 463, the required equation is y* — 4y* 
+ 5y— 2 = 0. 
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(6.) 




±0 




— 6 




=t 


+ 4 —2 


— 2 

— 2 




+ 4 
— 1 




+ 2 
+ 2 


— 4 
= »' 


— 2 




+ 8 




— 14 




— 4 




+ 7 




— 12 = u' 




— 2 




+ 12 








— 6 




+ 19 = 


= < 






— 2 












— 8 = 


:«' 











Hence the required equation is y* — 8y*-|-19y^ — 12y 
zb = 0. 

All the above examples can also be performed according to the 
methods indicated in the first and second solutions of the 1st ex- 
ample. 

(Art. 466, pp. 356-358.) 



2. We substitute y^^r^ov ar, as follows-: 



1 


^ p 


+ 9\+iP 




+\p 


-\P' 




-ip 


■ -ip'+q 




+ip 





ztO 
Hence the required equation is ^ zfc ^ — i /** ~h ^ =^ ^' 

3. We substitute y — f , or y — 2, for x, as follows : 
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-j-6 — 3 + 4| 

— 2 — 8 +22 
+ 4 —11 +26 

— 2 — 4 



+ 2 —15 

— 2 
ztO 
Hence the required equation is y* zt Oy^ — 15y + 26 = 0. 

4. We substitute y + 1, or y + 2, for a:, as follows : 

1 _8 +19 —12 dz0|+2 

+ 2 —12 +14 +4 

— 6 +7 +2 +4 
+ 2 — . 8 — 2 

— 4 — 1 zb 
+ 2 — 4 

— 2 — 5 

ztO 
Hence the required equation isy*zt:Oy® — 5 y^ ±0^ + 4=0. 

5. We substitute ^+ 2 for x, as follows : 

1 :-. 8 +23 — 30 +15 I +2 

+ 2 —12 +22 . —16 

_6 • +11 — 8 — 1 

+ 2 - 8 ,+ 6 



_4 +3 _ 2 

+ 2 — 4 

— 2 — 1 

Hence the required equation isy^dzO^ — y^ — 2y — 1 = 0. 
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6. We substitute y — ^ fol* ar, as follows : 

1 +1 ' =bO + 4 |-^ 

+ § -* +W 

ni Hi 
+* --* 

izi 

Hence the required equation is^^iOy^ — i^"!" W^ = ^« 

DERIVED POLYNOMIALS. 

(Art. 468, pp. 858, 359.) 

2. Ans. First, ?^7?—%a^—%x-\-b', second, 24ar* — 18a: — 8; 
third, 48ar— 18 ; fourth, 48. 

(Art. 469, pp. 359, 360.) 

2. Here r = 4 (Art. 462). The successive derivatives of the 
first member of the given equation are 4a:^ — 24a:^-|- 48 a: — 32, 
12ar* — 48a:+48, 24 a: — 48, and 24. Hence 

i? = r* — 8r« + 24r2 — 32r — 65 

= 256 — 512 + 384 — 128 — 65 = — 65 
/?^ = 4,^—24r2 + 48r— 32 = 256 — 384 + 1J2 — 32 = 32 
iBg = 12 7^ — 48r + 48 = 192 — 192 -f 48 = 48 
«8 = 24 r — 48 = 96 — 48 = 48 
^4 = 24 
Substituting these values in formula (5), we obtain 
-65+323/ + ^5^ + VY + 115^ = 0, or 
y*+8/ + 24y« + 32^^-65 = 
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3. We must here substitute y+ J for x (Art. 466), that is, 
r = J (Art. 462). The successive derivatives of the first mem- 
ber of the given equation are ^7? — 14a;, 6a; — 14, and 6. Hence 

R =r« — 7r2-f 36 = Aft^ — a|a-f36 = ^ 
/?i=3r2— 14r = :^- — ^ = — ^- 
i?2=6r — 14=14 — 14 = 

i?3=6 

Substituting these values in formula (5), we obtain 
W — ¥3^=bOy2 + S^ = 0, ory» — i^ + iW^ = 0. 

EQUAL ROOTS. 

(Arts. 471, 472, pp. 361, 862.) 

1. The greatest common divisor is thus obtained : 

4y»_42ar2+122ar— 84)4a;*— 56a;»+S44ar2— 336ar+144(a: 
4a^_42a:84-122ar^— 84ar 

— 14a:»+122a:2_252a?+144 

\ 

— 28a:«+244a;2— 504a;4-288(— 7 
— 28a:8+294ar^— 854a;-|-588 
_50)— 50ar^+350a;— 300 
a;2_ 7 a; 4- 6 

ar2-*7 ar4- 6 ) 4a:»— 42ar2+ 122a: — 84 ( 4a;— 14 
4a:8_28ar^-{- 24a; 

— 14ar»+ 98a; — 84 

— 14ar^+ 98a; — 84 

2. The first derivative of a;^— 8ar»4- 13a; — 6 is 3.r2— 16a; 
+ 13. 

20 
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aJ»_ 8ar»+ 13a; — 6 



3a:«— 1 6a;+13 ) Sar*— 24ar2-|- 39a; —18 ( x 

3a:^16ar^-}- 13^ 

— ' 8a;2lf 26a; —18 

3 

— 24ar^+ 78a; —54 ( — 8 
— 24ar^ +1283:— 104 
—50^ )— 50a;+ 50 

a; — 1 ) 3a:2— 1 6a;+13 ( 3a;~13 
3a;g— 3a; 
_13a;_J-13 
— 13a;4-13 
As X — 1 is the greatest common divisor, then x — 1 = 0, or 
a;= 1, and two of the roots of the original equation are 1. Di- 
viding a? — 8 a;* + ^^ ^ — ^ ^7 (^ — ^)^ ^^ ^ — 2 a; -}- 1, we ob- 
tain X — 6 ; hence, x — p = 0, and a; = 6. Therefore the three 
roots are 1, 1, and 6. 

3. The first derivative of a;« — 7 a;^ -j- 16 a; — 12 is 3 a;» — 14 x 
+ 16. 

7»— 7ar»+16a; —12 

3 

3ar»— 14a;+16 ) 3a;9_2ia:2-j-48a;. —36 (a; 

3a:8_i4^2^26a; 

— 7ar^4-32a: —36 

3 

— 21a;2+96a:— 108 (—7 
— 2 1a;^4-Q8a ;— 112 
_"2) — 2a; +~4 " 

a; — 2 ) 3ar2— 14a;+16 ( g^.^^ 

3a^— _6x_ 

" _ 8a;-fr6 
— 8a;4-16 
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As X — 2 is the greatest common divisor, then x — 2 = 0, or 
a: = 2, and two of the roots of the original equation are 2. Di- 
viding 7?—l x^'\-l^x—l2 Jaj {x — 2y, or 0^2 _ 4a; 4- 4, we 
obtain x — 3 ; hence x — 3 = 0, and a: = 3. Therefore the three 
roots are 2, 2, and 3. 

4. The first derivative of a?* — a;« — 18 a;^ + 52 ar — 40 is 
4a:» — 3a:2 — 36a?+52. 

a;*— ar»— 18ar»+ 52a:— 40 

4 

4a:»— 3ar»— 86a; + 52)4ar* — 4a:»— 72ar^ + 208a?— 160(a: 
4a;^— 3a:»— 36ar^+ 52a; 

— a:«— 36a;2+ 156a;— 160 

4 

_4a;» — 144a;2+ 624a; — 640 (—1 

— 4a;«-f 3ar^+ 36a;— 52 
— 147 ) — 147 ar^ + 588a; — 588 * 

ar^ — 4a;-}- 4 

a:2_4a;4-4)4a;»— 3ar»— 36a;-|-52( 4a;-f 13 
4a;«— 16ar'+16a; 

13ar^ — 52a;-}-52 
13ar^ — 52a; + 52 

Asa;* — 4a;-}-4is the greatest common divisor, then x^ — 4a; 
-|- 4 = 0, or (a; •^— 2)* = 0, whence a; = 2 and 2, and three of the 
roots of the original equation must be 2. Dividing 7^ — a;^ — 18 a;* 
-}-52a;— 40 by (a;— 2)», or x*- 6a;*-f-12a;— 8, we obtain a;-f 5; 
hence a; -}- 5 = 0, and a; = — 5. Therefore the four roots are 2, 
2, 2, and — 5. 

5. The first derivative of a;*^— 13a;*-}-67a;»— 171ar»-|-216a; 
— 108is5a;^ — 52a;8-|-201ar^ — 342a;-t-216. 
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a^-^lBx*+ 67a:»— 171a;*-!- 216a:— 108 

6 

6a^— 62a;»-f201a;»— 342x\6a:*— 66a;*+335a:«— 855a:«+1080x— 540(a: 
+216 / Sa:*— 52z*+201a:»— 342a:'-4- 216a: 

— 13a:*+134ar'— 513a:«+ 864a:— 540 

6 

— 65a;*+670a:«— 2565a:«+4320a:— 2700(— 13 
— 65a:*4-6 76a:»— 261 3a:^4-^446a:— 2808 
—6 ) — 6ar > + 48a:^— 126x+ 108 
^^ 8a;^+ 21x— 18 

a:8— 8ar»-f 21a;— 18) 5a?*— 52a:8+201a:2__342;2.+216 (5a>— 12 ' 
5a;*— 40a:«+105ar^— 90a: 
— 12a:»+ 96ar^— 252a:+216 
— 12a:«+ 96a:^— 252a;4-216 

As x^ — 8a:^+21a; — 18, the greatest common divisor, is of 
the third degree, it must be compared with its own derivative, 
3ar^.— 16a:+21. 

aJ»_ 8a:2_j_ 2la>— 18 
3 



3ar*— 1 


6a:+21 ) 3a:»- 
3a:»- 


-24a:2^ 63^,^ 
-16a:2+ 21a: 


54(a; 








- 


_ 8ar»+ 42a:— 


54 
3 
162 (—8 
L68 
6 
-3)3a:2- 
Sx"-- 






— 24ar^+126a:— ] 
— 24ar^+128a:— ] 
_ 2)— 2a:+ 

X- 

X — 3 = 0, or a; = 3 ; hence 


V 

-16aH-21(3a>— 7 
- 9x 


• 




- 7a;+21 

- 7aH-21 




Then 


two of the roots of a:* - 


-8a:» 



-{-21a: — 18=0 are 3, and three of the roots of the original 
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equation must be 3. Dividing a^ — 8a;^ + 21 a: — 18 by {x — 3)^, 
OT x^ — 6 a? + 9, we obtain x — 2 ; hence x — 2 = 0, and a:= 2. 
One root of the equation a;' — 8a:^ + 21a: — 18 = is then 2; and 
the four roots of the original equation are 2, 2, 3, 3, and 3. 



6. ai^x"- 


-13a:*— 27X+36 

-13a;«+27a!-f86 

—54a; 


a? 


— 9 ) a:*-j-3a*— 13«»— 27a^^-36 




^3?— iar"— 27a: 




3a:» —27a: 




— Aa? +36 

— ^ +36 



It is evident that the original equation has thus been separated 
into ar« — 9 = and ar^ + 3a; — 4 = 0. 

The solution of the former gives a? = i 3, and of the latter 
gives x =1 and — 4. 

SIGNS OF POLYNOMIAL FUNCTIONS. 

(Art. 474, pp. 363, 364.) 

2. Here, ar=l gives X=7, an(J a; = 2 gives X=. — 1; 
hence one root lies between 1 and 2, that is, its integral part is 1. 

Again, a? = 5 gives X=. — 1, and a:= 6 gives X-=. 27 ; hence 
one root lies between 5 and 6. 

By Descartes' Rule (Art. 452) and Art. 450, it is evident that 
the remaining root is negative, a; =0 gives X= 9, and ar = — 1 
gives Xz=. — 1 ; hence one root lies between and — 1. 

Ans. One root lies between 1 and 2, one between 5 and 6, and 
one between and — 1. 
20* 
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STURM'S THEOREM. 

(Art. 481, pp. 368-371.) 

2. The first derivative of aH^—Sa^-^Boi^—Sx + l^ is Aa^ 
— 9ar»+6x — 3. 

x^— 3a^-\- 3ar»— 3ar+ f 

4 

4rc« — 9ar^-f 6x— 3)4a;* — 12a;8+12ar^— I2a:+10(a; 
4x^— 9a^-\' Qx^— Sx 

— 3ar«+ 6x2— 9a;+10 
4 

— 12a:« + 24ar» — 36a: + 40(— 3 

— 12ar» + 27 ar» — ISar-f- 9 

— 3ar2— 18X + 31 
Therefore -Xg = 3ar»+18a: — 31 

4a:»— 9ar^4- 6a:— 3 
3 



3a:2+18a:— 31 ) 12a:«— 27ar^-|- 18a:— 9 ( 4a:— 33 
12a:«+ 72ar'— 124a; 
^99^+142a:— 9 
— 99a; 2— 594a:+1023 
8) 736a:— 1032 

92a:— 129.-.X3=— 92a:+129 

3a:2+ 18a:— 31 

92 

— 92a:+ 129) 276a;2+ 1656a:— 2852 ( — 3a; 

276^j- 387 a: _ 

2043 a:— 2852 
92 



1 87956 X — 262384 ( — 2043 
187956 a; — 263547 



1163.-. JC» = — 1163 
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3. The first derivative 6£ a^ — x^ — 2x-\-l is 3x^ — 2x — 2. 
a;8_ ^2_ 2a;+l 



3x^ — 2x — 2)Sa^ — Sx^— 6a; + 3(a: 
Sx^ — 2a^— 2x 

— x^— 4a; + 3 
3 



_3a;-2__i2a: + 9( — 1 

— 3a;^+ 2a: + 2 

7) — 14a; + 7 

— 2a:+l 











8a:3_2a; — 2 










2 






2 


x—l 


)6x^—ix—4:{3x 
&a^ — 3x 




— x — i 










2 










_2a:— 8( — 1 










— 2a;+l 










— 9 


Hence -Y = 


««— ar*- 


-2x 


+ 1; 


Xi=:2x — 1; 


Xi = 3a;2_2a; - 


-2; 




Z3 = + 9. . 




X Xi 


X, 


^3 




a; = — OD, 


- + 


— 


+, 


3 variations. 


x = -1, 


- .+ 


— 


+, 


3 variations. 


x = — \. 


+ + 


— 


+> 


2 variations. 


x = 0, 


+ - 


— 


+, 


2 variations. 


x = l. 





+ 


+, 


1 variation. 


x=2, 


+ + 


+ 


+, 


no variation. 


a; = 4- 00, 


+ + 


+ 


+, 


no variation; 



By the substhution of — oo and -|- oo for x, we obtain a differ- 
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ence of three variations ; hence the three roots are all real. Sub- 
stituting for X we find that one variation is lost between — oo 
and 0, and two between and + Qo ; hence one root is negative 
and two positive. By substituting other numbers for x we find 
that one variation is lost between — 2 and — 1, one between 
and 1, and one between 1 ftnd 2. 

4. The first derivative of a:*— 7 x-f 7 is 3 a^— 7. 
a:*— 7a;+ 7 Sa^— 7 

3 2 

3a:2_7)3a:» — 21a: + 21(a: 2ar — 3) 6a;3 — 14(3a: 

33^— 7x 6ar»— 9a; 



7 ) — Ux+2l 9a;— 14 
— 2a;+ 8 2 











18a; — 28(9 










18 a;— 27 
— 1 
^=2x — 3; 


Hence, X = 


a»- 


-7a 


+ 7; 


X^ = 


Sa^- 


-7; 




:s; = + i. 




X 


x^ 


X, X, 




x = — v>, 


— 


+ 


- +. 


3 variations. 


x = -i, 


— 


+ 


- +, 


3 variations. 


x = — 3, 


+ 


+ 


- +, 


2 variations. 


a; = 0, 


+ 





- +. 


2 variations. 


05=1, 


+ 





- +, 


2 variations. 


x = 2, 


+ 


+ 


+ +. 


no variation. 


a: = + 00, 


+ 


+ 


+ +. 


no variation. 



By substituting — oo and -|- oo we learn that all three of the 
roots are real ; and by substituting other values of x we learn that 
one variation is lost between — 4 and — 3 and the two others be- 
tween 1 and 2. 
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5. The first derivative of a^ — 2a^ — 5 s^+lOx — 3 is 
4aj» — 6a:* — lOa-f-lO, and casting out the factor 2 we have 
2s^ — S3i^ — 5x-\'6. 

a^ — 2ar« — 5ar» + 10a; —3 

2 



2a:» — 3a:« — 5a: + 5)2ar* — 4a:8 — 10ar» + 20a: — 6(ar 

2 g^ — 3a:«— 5ar^+ 5a: 

~ — a^— 5ar^+15a: —6 

2 



— 2a:»— 10ar^ + 30a:— 12( — 1 

— 2a:»+ 3a:2^ 5a:— 5 

— 13ar' + 25a:— 7 

2a:» — 3ar» _ 5a: + 5 

13 



13ar» — 25a: + 7)26a;» — 39ar^ — 65x +65(2a: 
26a:» — 50ar» + 14a: 

11^^ 1.79a; +65 
13 



143ar»— 1027 a: + 845(11 
143a:2 _275a:+ 77 

16) — 752X + 768 



_ 47a:+ 48 

13ar» —25a: +7 

47_ . 

47a: — 48) 611 a:*— 1175 x + 329 (13a: — i^ 
6 11a:*— 624 a: 

— 551 a: + 329 

— 551 x + 
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Hence, JC =«* — 


2«» — 5x* + 


\0x 


— 3; 


JS', = 47aj— 48; 


Xi=2a?- 


-3x' — 5x-\- 


-5; 




X, = +. 


:^=13a^ 


— 25a:+7; 










X Xi X, 


-X. 


X, 




a; = — 00, 


+ - + 


— 


+. 


4 variations. 


x = —Z, 


+ - + 


— 


+. 


4 variations. 


x=-2. 


+ 


— 


+> 


3 variations. 


x = 0, 


- + + 


— 


+, 


3 variations. 


x=l. 


+ 


— 


+, 


2 variations. 


x=2. 


+ 


+ 


+, 


1 valuation. 


x = 3, 


+ + + 


+ 


+, 


no variation. 


a; = 4-00, 


+ + + 


+ 


+, 


no variation. 



By substituting — oo and -j-^ we learn that all four of the 
roots are real ; and by substituting other values of x we learn that 
the variations are lost between — 3 and — 2, and 1, 1 and % 
2 and 3. 

6. The first derivative of x'— 2a: — 5 is 3ar* — 2. 



ar»— 2a:— 5 


3ar^ — 2 


3 


4 


)3a:8— Ga:— 15(a; 4a;+15 


)\2x^ — S(Sx 


3a:»— 2a: 


12ar» +45x 


— 4a:— 15 


— 45a: — 8 




4 




— 180a:— 32 (—45 




— 180a:— 675 




+ 643 


Hence, X =3^ — 2a: — 5; 


J^=:4a: + 15; 


Xi=3x^ — 2i 


Xg = — 643. 



GENERAL THEORY OF EQUATIONS. 239 

JL JL^ JL2 -A3 
a? = — 00, — -f- — — , 2 variations, 

a? = 0, — — -f- — , 2 variations. 

a; = 2, — -f- -|- — , 2 variations. 

x=i^, _|_ _j_ -|_ — ^ 1 variation, 

a: = -f- 00, + "f" + — J 1 variation. 

As only one variation is lost between — oo and -f- 00, there can 
only one real root, and this is found, by substituting other values 
for a:, to lie between 2 and 3. 

7. The first derivative of 2ar*-- 3a:»+ 17a;'^ — 3a;+ 15 is 

Bar*— 9x3 + 34a; — 3. 

2a?* — 3x» +17ar» —3a: +15 
4 

8ar»— 9ar2+34a:— 3)8a:*— 12x» +68a;2 —12a: +60 (a: 
8x*— 9a:» ^Ux" — 3 x 

— 3a:» +34a:2 _ g^. +50 
8 

— 24a:» + 272ar^ _72x + 480( — 3 

— 24a;» +27ar'— 102a: + 9 

245a:« +30a: + 471 

8a:» — 9.ar* * +34a: — 3 

245 



— 245a:2— 30a:— 471)1960a:» — 2205a:a +8330a: — 735(— 8a: 
1960a:» + 240a:^_+3768a: _ 

^'2445a:2"~+4562a: ~— 735 

49 

— Tl 9805a:2+223538a:— 36015(489 
— 1 19805x3— 14670a:— 230319 
128 )238208x+l 94304 
1861X+ 1518 
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— 245a3 —30a: —471 
1861 



— 1861 a— 1518 ) — 455945x2— 55830 a: — 876531 (245 a: — 

— 455945 ar»— 371910 a: 

316080 a: — 876531 

+ 

It is evident that the remainder will be — ^ and therefore Xi 
must be -{-. 

Hence X = 2a:*— 3a:»+17ar»— 3a>-f 15 ; Xg = — 1861a;— 1518 ; 
Xi = 8a:»— 9ar» + 34a:— 3 ; X^ = +. 

Xa = — 245a:2 — 30 a: — 471 ; 

JL JLj^ .^^ JL^ JL^ 

a: = — 00, -{- — — + +> 2 variations. 

a: = -j-oo, -f- -j- — — -{-, 2 variations. 

As no variation is lost between — oo and -{- oo, there can be no 
real root. • 



8. The first derivative of a:* — 4 a:» — 3 a:+ 27 is 4 a:*— 12a:« 
— 3. 

a;*_ 4a:«— 3a: +27 
4 



4a:*— 12a:» — 3)4a:*— 16a:»— 12a: +108(a:— 1 
4a:*— 12^— 3x 



— 4a:«— 9a: +108 

— 4a:»+12a:2_|_ 3^ 

3) — 12a:2— 9a: +105 

— 4ar*— 3a: + 3*5 



GENERAL THEOBT OF EQUATIONS. 

ia»^8x — 35)ia?—12x' — 3(x 
4a:»+ 8«» —35a! 
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— 15** +35a; 


— 3 
4 

— 12 ( — 15 


— 60 


«* + 


140 a: 


— 60aj» — 


- 45a:-f-525 






185 a;- 


-537 


ix' + 


3a; 


— 35 
185 




— 185a: + 637)740a:»+ 555a:- 


-6475 


(-Ax-^^ 


7403?"- 2148X 






2708 a:- 


-6475 




2703 a;- 


-7846-1- 




+ 




Hence X => — 4a:» — 3a;-|-27; 


x,= 


— 185 a; +537; 


Xi=4a:»— 12a:« — 3; 


• 


^ = 


• 


^=4a:«-|-Sa: — 35; 








X Xi X, 


X, 


X, 


, 


a: = — 00, + _ + 


+ 


— ~) 


3 variations. 


a: = 0, -1 


+ 


9 


3 variations. 


x=l, -\ 


+ 


— , 


3 variations. 


a: = 2, -1 


+ 


, 


3 variations. 


a: = 3, -1- 


— 


9 


2 variations. 


a: = 4, + + + 


— 


~> 


. 1 variation. 


. a. = -Hoo, -i- + + 


— 


— , 


1 variation. 



As only two variations are lost between — oo and -\- oo, there 
can be only two real roots. By substituting other values for x^ 
these variations are found to be lost between 2 and 3, and 3 
and 4. 

21 
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SOLUTION OP HIGHER NUMERICAL 

EQUATIONS. 

f 

COMMENSURABLE ROOTS. 

(Art. 486, pp. 873-376.) 

3. It is evident, by Descartes' Rule (Art 452), that there can 
be no positive root. The only negative integral divisors of 6, the 
absolute term, are — 1, — 2, — 3, and — 6. 

Divisors, —1, —2, —3, — 6 

1st Quotients, 

Quotients -j- 11, 
2d Quotients, 

Quotients -{- 6, 
3d Quotients, — 1, — 1, — 1 

Quotients + 1, 0, 0, 

Hence the divisors — 1, — 2, and — 3 are the three roots of 
the equation. 

The three roots may also be obtained by Art. 484, as in the 
solution of Example 1. 

4. As the sum of the coefficients is not 0, 1 cannot be a root. 
The substitution of — 1 also proves that it is not a root. The 
remaining divisors of — 12, the absolute term, are ± 2, db 3, ± 6, 
and ±12. 



-6, 


-3, 


-2,. 





1 


.+5, 


+ 8, 


+ 9. 


+ 


10 


-5, 


-4, 


— 3 






+ 1» 


+ 2, 


+ 8 
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Divisors, -f-12, -f-6, +3, -f 2, —2, —3, ^6,-12 

1st Quotients, — 1, —2, —4, — 6, +6, -f-4, +2, -f 1 

Quo. — 4, — 5, —6, —8, —10, +2, 0, —2, — 3 

2d Quotients, — 1, — 5, — 1, 

Quotients + 3, -}-2,^ — 2, +2, 3 

3d Quotients, — 1, — 1, — 1 

Quotients +1, 0, 0, 

Hence the divisors 2, — 2, and — 3 are the three Toots of the 
equation. 

5. It is evident, by Descartes' Rule, that the equation can 
have no negative root. 

Pos. Divisors, +15, +5, +3, + 1 

1st Quotients, "H 1j + ^> +5, +15 

Quotients— 20, —19, —17, —15, — 5 

2d Quotient, — 5, — 5 

Quotient +23, ^ +18, +18 

3d Quotient, +6, +18 

Quotient — 9, — 3, + 9 

4th Quotient, — 1, +9 

Hence the divisor 3 is the only commensurable root of the 
equation. 

6. As the sum of the coefficients is not 0, 1 can not be a root 
of the equation. We next make trial of 2, according to Art 484. 
Dividing the first member by a: 7— 2, 

1 -3 +1 +2I+2 
+ 2 —2 —2 

1 —1 —1, 
we obtain x^ — x — 1 , and no remainder ; hence 2 is a root of the 
equation, and a^ — x — 1=0 contains the other two root'^. 
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Depressed equation, q?* — x — 1=0 
Completing square, ar* — a: -|- J = j 
Whence, a; = J ± ^ V5 = 1.618, or — 0.618 

7, It is easily proved bj substitution that -f- 1 and -^ 1 are 
not roots. 

+ 32, +16, +8, +4, + 2, — 2, — 4, — 8, —16, —32 

+ 1, + 2, +4, +8, +16, —16, _ 8, - 4, — 2, — 1 

-7,-6, —4, 0, + 8, —24, —16, —12, —10, — 9 

2d Quotients, 0, + 4, +12, + 4 

Quotients +0, 0,'+ 4, +12, + 4 

3d Quotients, 0, + 2, — 6, — 1 

. Quotients— 4, —4, — 2, —10, — 5 

4th Quotients, — 1, — 1> + ^ 

Quotients +1, 0, 0, 6 

Hence the divisors 4 and 2 ai'e the only commensurable roots. 

Dividing a?* — 4ar* — 8.a; + 32 by x — 4 and by x — 2, or by 

a:«— 6x + 8, we obtain a:^ + 2 a: + 4. 

Depressed equation, ar' + 2a: + 4 = 
Completing square, a:^+2a:+l = — 3 
Whence, a: = — 1 zh V^^ 

8. It is easily proved that + 1 and — 1 are not roots. 

Pos. Div., . + 36, + 18, + 12, + 9, + 6, + 4, + 3, + 2 

1st Quo., + 1, + 2, + 3, +4, +6, +9, +12, +18 

QUO. + 0, + 1, + 2, + 3, +4, +6, +9, +12, +18 

2d Quotients, +1, + 4, + 9 

Quotients— 7, —6, — 3, + 2 

3d Quotients, —1, — !> + 1 

Quotients +1, 0, 0, . 2 

Hence 6 and 3 are roots of the equation. 
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Neg. Div. —2,-3, —4, —6, —9, —12, —18, —36 
1st Quotients, —18, —12, —9, —6, —4, _ 3, — 2, — 1 

Quo.+0, —18, —12, —9, —6, —4, — 3,-2,-1 
2d Quotients, -[-9, -[-4, +1 "^ 

Quo.— 7, + 2, —3, —6 

3d Quotients, — 1, -{-l, -[-1 

QU0.+1, 0, 2, +2 

Hence ^r- 2 is a root of the equation. 

9. By Descartes' Rule it is evident that there can be no nega- 
tive root. 

Positive Divisors, -|-1, -f-2, -f-4, -]-8 

1st Quotients, — 8, — 4, — 2, — 1 

Quotients +10, +2, +6, +8, +9 

2d Quotients, +2, +3, +2 

Quotients — 6, — 4, — 3, — 4 

3d Quotients, — 4, — 1 

Quotients +1, —3, 

Hence 4 is the only commensurable root of the equation. 

Dividing a? — ^a?-\-lOx^^^ by x — 4, we obtain x^ — 2a;-|-2. 

Depressed equation, x^ — 2x-\-2-=zO 
Completing square, x^ — 2a;-|-l= — 1 
Whence, a: = 1 zh V — 1 

10. It is easily proved that 1 and — 1 are not roots. The 
number of divisors of 180 is too great to use them all at once ; 
hence we select the smaller ones. 

9A * 
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Divisors, + 5, 4. 4, + 3, + 2, — 2, — 8, — 4, — 5 
1st Quo., +36, +45, +60, +90, —90, —60, —45, —36 

Quo. — 9, +27, +36, +51, +81, —99, —69, —54, —45 
2(1 Quotients, + 9, +17, +23, +9 

Quo. — 29, —20, —12, — 6, —20 

3d Quotients, _ 6, — 4, +2, +4 

Quo. + 1, —4,-3, +3, +5 

4th Quotients, — 1, — 1, — 1, — 1 

Quo.+l, 0, 0, 0, 

Hence 4, 3, — 3, and — 5 are the four roots of the equation, 
and there is no necessity for trying the other divisors of 180. 

■ 11. It is evident, by Descartes' Rule, that there can be no 
negative root. 

Positive Divisors, +6, +3, +2, +1 

1st Quotients, — 1, _2, — 3, — 6 

Quotients +11, +10, +9, +8, +5 

2d Quotients, +3, +4, +5 

Quotients — 6, —3, —2, — 1 

3d Quotients, — 1, — 1, — 1 

Quotients + 1, 0, 0, 

Ans. 3, 2, and 1. 
It is evident that the roots of the above equation are the same 
as those of the 3d, with their signs changed. (Art. 457.) 

12. Putting a: = |, we obtain (Art. 460), 

f — %y^—^y + 12 = 0, 

whose coeflficients are entire, that of the first term being 1, and 
whose roots are twice as great as those of the given equation. 
After trying 1 and — 1, we select the smaller divisors of 72. 
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Divisors, +8, -f 6, + 4, + 8, + 2,^— 2, — 3,-4 

1st Quo., +9, +12, -[-18, +24, +36, —36, —24, —18 

Quo. —9, 0, + 3, + 9, +15, +27, —45, —33, —27 

2d Quo., 0, + ^' ' . + 11 

Quo. —8, —8^ —3, ' +3 

3d Quo., —1, — 1, — 1 

Quo. +1, 0, 0, 

Hence 8, 3, and — 3 are the roots of the transformed equation, 

and the roots of the given equation are one half as great, or 4, |, 

and — J. 

la. Putting a: = |, we obtain (Art. 460), 

^ — 3y« + 323^ — 96 = 0. 

Selecting the smaller divisors of — 96, 
Divisors, + 3, + 2, + 1, — 1,-2,-3 

Ist Quotients, —32, —48, —96, + 96, +48, +32 

Quo. + 32, 0,_ —16, —64, + 128, +8 0, +64 

2d Quotients, 0, — 8, —64, —128, —40 

Quo. — 3, —3, —11, —67, —131, —43 

3d Quotients, — 1, — 67, + 131 

Quo. +1, 0, —66, +132 

Hence 3 is a root of the transformed equation. Dividing 
^— . 3/ + 32y — 96 by y — 3, we obtain f + 32. 
Depressed equation, y^ + 32 = 
Whence, y = ± V— 32 = ± 4:V—2 

The three roots of the transformed equation are therefore 3 and 
± 4 V — 2, and 'those of the original equation must be one half as 
great, or | and ± 2 V — 2. 

14. 1[t is easily proved that 1 and — 1 are not roots of the 
equation. The other divisors of — 16 are db 2, db 4, zb 8, zt 16. 



KST TO HIQHEB ALGEBBA. 

DiyiBme, +16, +8, +4, +2, —2, —4, —8, —16 



Ist Quotients, — 


1,- 


-2, 


— 4» _8, +8, +4» +2, + 1 


Qaa+0, - 


1, 


-2, 


-4, -8, +8, +4, +2, + 1 


2d Qaotients„ 






-1, -4,-4»-l 


Qootiente-I-O, 






— 1, -4, -4, -1 


Sd Quotients, 


-2, +2 


Quotients —2, 






-4, 


4th Quotients, 






-2, 


Quotients -|-0, 






-2, 


5th Quotients, 






-1, 


Quotients +1, 






0, +1 



Hence 2 is the onlj commensurable root of the eqaati<»i. 

mCOMMENSUBABLE BOOTS. 
HORNER'S METHOD. 

(Art. 490, pp. 378-880.) ^ 

1. The first derivative of a*— ar*— 2a; + 1 is 3a*— 2ar- 

sf— a^— 2a:+l 

[ 3 

33i? — 2x — 2)3af — 3x^^ 6a: + 3(x 
3a? — 2x'— 2x 
_ ar»— 4x-f 3 

? 

— ,3ar» — 12a; + 9( — 1 
— 3a:^+ 2a; + 2 
7)— Ua? + 7 
— 2a;+l 
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• 


3«» — 2a;— 2 
2 


2a;- 


-l)6a;« — 4a; — 4(3a; 
6a;« — 3a; 




— « — 4 

2 
_2x — 8( — 1 

— 2a; + l 

— 9 


Hence X =z3? — 
Xi=Za? 


-ar" — 2a;+l; ^ = 2a;— 1; 
— 2a; — 2; Xi = -\-9. 


a!:= — 00, 
x = — 2, 
a: = -l, 
x = 0, 
x = l, 
x=% 


JL JLi^ JL^ -^^ 

— -f- — +> 3 variations. 

— -f- — "["> ^ variations, 
-j- -}- — -f-, 2 variations. 
+ — — +) ' 2 variations. 

— — + +j 1 variation. 
-|- 4" + "f"? °^ variation. 
+ + + +> no variation. 


1 —1.0 
.4 


— 2.00 4-1.000 .4 

— .24 —.896 


— .6 

.4 


— 2.24 .104 

— .08 


— .2 

.4 


— 2.32 


.2 




1 +.20 
.04 


— 2.32 -f.l04|.04 
.01 —.092 


.24 
.04 
.28 


— 2.31 .012 

•^^ 012 
-2.30 ^' = -^^^ 


Hence the second root is .445. . 
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1 


+1 

1 . 

~2 


— 2 — 1|1. 
2 
—1 




1 
1 


8 
~8 




1 
4 




1 


+ 4.00 
.2 


-fS.OO — 1.000 |. 2 
.84 .768 




. 42 


3.84 —.232 




.2 


.88 




44 


4.72 




.2 






•46 




1 


4-460 


+ 4.720 — .2320 | .04 




.04 


.186 .1962 




464 


4906 .0358 




.04 


.187 




468 


5.093 




•''^^«-.007 



5.093 

Hence the third root is — 1.247. (Art. 488.) Instead of going 
through the operation as above, the last root may be found by sub- 
tracting the sum of the other two from 1. (Art. 441.) 

2. As the term which precedes the missing term has the same 
sign as that which follows it, there must be two imaginary roots. 
By trial (Art. 474), the two real roots are found to lie between 2 
and 3, and 3 and 4. 



SOLUTION OF HIGHER NUMERICAL EQUATIONS. 251 



— 4 


dbO . 


— 3 


+ 27 1 3.67963 


S 


— 3 

— 3 


— 9 
— 12 


— 36 


— 1 


• _ 9.0000 


S 


6 
3 


9 


6.5376 


2 


• — 3.000 


• — 2.4624 


3 


15 


13.896 


2.1402 


6 


• 18.00 


10.896 


• — .3222 


8 


5.16 


17.208 


.3008 


•8.0 


23.16 


• 28.104 


• — .0214 


.6 


6.52 


2.470 


.0203 


8.6 


28.68 


30.574 


• — .0011 


. .6 


5.88 


2.522 


.0010 


9.2 


• 34.56 


• 33.096 




.6 


.73 


.332 




9.8 


35.29 


33.428 




.6 


.74 


.333 




• 10.40 


36.03 


•33.8 




.07 


.74 






10.47 


• 36.77 




.07 


.09 







10.54 36.9 

In the above operation the first decimal figure must be obtained 
by trial. (Art. 490.) 

8. By Descartes' Rule (Art. 452), it is evident that there can 
be but one positive root ; aijd this is found by trial (Art 474), op 
by Stunn's Theorem, to be between 2 and 3. 
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±0 
2 


— 2 
4 
2 
8 


.—5 12.09455 

4 


2 
2 


• — 1.0000 
.9493 


4 
2 


•10.000 
.548 


• — .0507 
.0445 


•6.00 
.09 


10.548 
.556 


• — .0062 
.0056 


6.09 
.09 


• 11.104 
.025 


• — .0006 
.0006 


6.18 
.09 


11.129 
.025 


• 



♦6.27 ♦11.2 

That the above root is the only real one, may be proved by 
Sturm's Theorem, thus : 



x^^- 


-2x— 5; 




x^ = 


4a: + 15; 


JKi=8a:«- 


-2; 




^ = 


— . 




X X, 


^ 


^ 




« = — 00, 


- + 


— 


> 


2 variations. 


a! = 2, 


- + 


4- 


> 


2 variations. 


a: = 8, 


+ + 


+ 


— , 


1 variation. 


a; = 4-00, 


+ + 


+ 


— , 


1 variation. 



4. By Sturm's Theorem it is easily proved that the equation 
has but one real root, lying between 7 and 8, as follows : 

X=a» + a:^ — 500; -Xi = a: + 2250; 

Xi=8ar» + 2a:j -Xi = — . 
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JLt Xi Jig Ag 

x=z — 00, — -»|- — — ^ 2 variations. 

a: = 0, — ^ + — i 2 variations* 

xz=z7, — + + — 9 2 variations. 

a? = 8, + + + — 9 1 variation. 

x = -\-Qo, + + "!" — 9 1 variation. 

In order to find one root^ it would only be necessary to substi- 
tute different positive numbers for a? in -X^ until the sign is found 
to change (Art. 474), and Descartes' Rule proves that there can 
be only one positive root (Art. 452). The use of X^ X^ and X^ 
proves that there can be no negative root, and that the other two 
roots are imaginary. 



+1 


±0 


— 600 17.61728 


7 


66 • 
56 


892 


8 


• — 108.000 


7 
15 


105 
• 161.00 


104.736 
• — 3.264 


7 


13.56 


1.887 


•22.0 


174.66 


• — 1.377 


.6 


13.92 


1.324 


22.6 


• 188.48 


• — .053 


.6 


.24 


.038 


23.2 


188.72 


• — .015 


.6 


.24 


.015 


•23,8 


• 188.96 






.17 





189.1 

5. By Sturm's Theorem it is easily shown that the equation 
has one negative root and two positive roots, both of the latter 
lying between 1 and 2. 
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-X=a» — 7a: + 7; X^ = 2x — Si 

JL jL-i Jk^ JLj^ 

x = — 00, — -}- — +> 3 variations, 

a: = 0, + — — +> 2 variations. 

x=l, + — — +> 2 variations, 

a: = 1.5, — — +> 1 variation, 

a; = 2, "!""}■ + "I"> ^^ vai-iation. 

a: = -f- 00, _[__[_ _|- -|_j no variation. 

By substituting 1.4, 1.3, 1.6, and 1.7 for x it is found that the 
second figures of the two positive roots are .3 and .6. 



±0 


— 7 


+ 7 1 1.3569 


1 


1 • 
— 6 


— 6 


1 


•1.000 


1 


2 


— .903 


2 


• — 400 


• .0970 


1 


.99 


— .0866 


•3.0 


— 8.01 


•.0104 


S 


1.08 


— .0090 


8.3. 


• — 1.930 


• .0014 


.3 


.198 
— 1.732 


-.0014 


3.6 




.3 


.200 




•3.90 


• — 1.532 


.05 


.024 




3.95 


— 1.508 




.05 






4.00 
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±9 


— 7 


+ 7 11.6920 


1 


1 

— 6 


— 6 


1 


• 1.000 


1 


2 


— 1.104 


2 


• — 4.00 


• — .1040 


1 


2.16 


.1008 


•3.0 


— 1.84 


• 0032 


.6 


2.52 


.0032 


8.6 


••68 




.6 


,44 




. 4-2 


1.12 


* 


.6 


.45 




•480 


•1.57 


' 


.09 
4.89 


.01 
1.58 




.09 







5. • 

The negative root is the sum of the other two, with the sign 
changed (Art. 442), or —3.0489. 

6. X =a?—17ar' + 6^x — S60; .^=: 127 a: + 1116; 
Xi=3a:«— 34a: + 54; -3;==—. 

JL .JLj^ •'"^ ^8 

a? = — 00, 7— + — — , 2 variations. 
x = 0, — + + — 9 2 variations. 

« = + «>> + + + — 9 . 1 variation. 

Hence there is only one real root, and that is positive. By 
trial, l^e integral part of that root is found to be 14. 
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— 17 


+ 54 


— 850 


14 


— 42 


168 


—8 


12 


• — 182.000 


• 14 


154 


170.879 


11 


• 166.00 


• — 11.621 


14 


23.31 


10.741 


•25.0 


189.31 


• — .880 


.9 


24.12 


.865 


•25.9 


• 213.48 


• — .016 


.9 


1.39 


.015 


26.8 


214.82 




.« 


1.39 





14.95407 



. ♦27.7 * 216.21 
7. By trial, the first figure of the root is found to be 9. 



±0 


— 8 


+ 75 


— 10000 1 9.8860027 


9 


81 

78 


702 
777 


6993 


9 


• — 3007.0000 


9 . 


162 


2160 


2677.6616 


18 


240 


• 2937.000 


» — 329.4384 


9 


243 


409.952 


306.1662 


27 


• 483.00 


3346.952 


t — 23.2722 


9 


29.44 


434.016 


23.2616 


•36.0 


512,44 


• 3780.968 


• — .0106 


.8 


30.08 


46.110 


.0078 


86.8 


542.52 


3827.078 


• — .0028 


.8 


30.72 


46.362 


.0027 


87.6 


• 573.24 


• 3873.44 




.8 


3.14 


3.50 


• 


38.4 


576.38 


8876.94 




.8 


3.15 


3.50 




•39.2 


579.53 


• 3880. 




.08 


3. 







39.28 * 583. 
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RECURRING OR RECIPROCAL EQUATIONS. 
(Art. 497, pp. 383, 384.) 

2. Given a^^ — 11 a?*+ 17a:«+17a«— lla?+ 1 = 0. 

By Art. 494 it is evident that one root of the equation is — - 1 ; 
we therefore divide hj x-\-l. 
Depressed equation, a?*— 12a:*+ 29 ar»— 12 a:+lz=0 

Dividing by o^, x«— 12x + 29 — ^4-^ = 

Or, (^ + i)_12(x + j) + 29 = 

Substituting ^ for a; + "» ^^^ ^ — 2 for a:* + ^> 

y»_12y+27 = 
Completing squdre, y^ — 12^ -[" 36 = 9 

Whence, y = 9, or 3 

Replacing value of y, ^ a: + - = 9, or 8 

a:a_9a;-|. 1=0, or ar»— 3a:+l=0 

:j^—^x^^ — ^; orar»— 3x + | = | 

9it\/77 ^:^\ll 

a? = — 2^, or ^^-^ 

3. Given a:»H-2a:* — 3a:« — 3a:a_|.2a:+ 1 = 0. 

By Art 494 one root is — 1 ; we therefore divide by a:-}- 1. 
22* 
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Depressed equation, 

Dividing by a^y 

Subst. y for ar-f--, 

Completing square, 
Whence, 



(-^ + |) + (- + i)-4 = 



Bcplacing value of y, 

a:a_2x+l=0, 
a:— 1 = 0, 

ai= 1, or 1, or 



y = 2,or— 3 
x+- =2, or— 3 

or ar»+3a;+l = 
or a:2_|_3a,_|_|_| 



4. Given x^ — a:*+a* — x^-\-x — 1 =0. 
By Art. 495, two of the roots are + 1 and -:- 1 ; we therefore 
divide by o:^ — 1. 

(^ + ^)-(- + ^) + 2 = 



Depressed equation, 
Dividing by a;^ 

Sabst. y for x+^i 

Whence, 

Replacing value of y, 

*a;2+l=0, 

x = :^V~ 



1, or 



y = 0, or 1 
a; + - = 0, or 1 

or a^ — a:-}- 1=0 
or ar* — a;-}-i = — | 



5. Given a:^-f-pa:^+jP^+^ =0. 

By Art. 494, one root is — 1 ; we therefore divide by ar-f- !• 
Depressed equation, ^"l~(j^ — ^)^~1~^ =^ 

Completing square, ^-{-{p — l)X'\- ( j = ~ 

Whence, « = i (1 —P ± Vp^—2p—3) 
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6. Given 6x^-{-5x^ — 3Sa^'\'5x-\-Q = 

Dividing bj ar», 6 (a:^ -f i W 5 (a: + ^\ — 38 = 

Subst y for a: + i, and y^ _ 2 for ar^-f- i (Art. 496), 

6y2_i2 + 5y— 38 = 
Or, 
Completing square, 

Whence, 
Or, . 

Replacing value of y, 

a^-f^ + M = A, 



12 
y = f , or — J3O 



or ar* + Jyia:+l =0 
or a:2 + J^i + iVi = V 



a; = 2, or ^, or 



a; = — J, or- 



.3 



7. Given 5 a:^— 51 a;* -I IGOa:*— 160a;2 + 51 ar — 5 = 0. 

Bj Art. 494, one root is -|- 1 ; we therefore divide by a; — 1 

Depressed equation, 



Dividing by a^y 

Subst. y for 1 -I" -» 

Or, 

Completing square. 



Whence, 

Replacing value of ^, 

ar^ — ^a;+l = 0, 



5a:*— 46a:»+114a:2 — 46a; + 5 = 
53(2_ 46^+ 104 = 

23dz3 



a^ — ^x- 



13ziil2 
a; = 5, or J 



or a^ — 4a:-[-l =0 
or xr^ — Ax-\-4: = 3 



or 



= 2zbV3 
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8. Given a^ + 5a» + 5a; + l = 

DividiDgbyx*, (^+|) + 5(^ + ;) = 
Substyforl + p y» + 5y — 2 = 

Completing square, ^+5y + ^ = ^ 

Whence, ' y = i(— 5±V33) 

Replacing value of y, a: + - = ^-^ — 

Wheifte, ««+ (i^^) x+ 1 = 

Compl. square, a:«+ ^ — JL_ja:+^ — 4 / ~ 16" 

Evolving, X + Y - = it: ^ Ts" j 

Or, a;=— f±iV33± i (42^10 V33)i 

BINOMIAL EQUATIONS. 

(Arts. 506, 507, pp. 386, 387.) 

8. Let a* = 1, or aH'— 1 = 0. Then, by Arts. 494, 501, 
one root of this equation is + 1 ; we therefore divide a:* — 1 by 
X— 1. 

Depressed equation, air^ -j- a; -}- 1 = 

Completing square, ar'-|-a: + :^ = — | 

Whence, a; = 1 (— 1 j- V^^) 

4. Given ^ ar* -}- a' = 

Substituting a y for a;, a* ^ -j- a* = 
Dividing by a*, ^-[-1 = 

By Arts. 494, 501, one root is — 1 ; we therefore divide by 
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Depressed equation, ^ — y -|- 1 = ^ 

Completing square, t^ — y-|-J== — | 

Whence, y=:i(ldbV— 3) 

Multiplying by a, ay = a: = - (1 i V — 3) 

It is also evident that if one value of y is — 1, one value of x 
must be — a. 

'5. Let a?* = 1, or a?* — 1 = 0. Then, by Arts, 495, 501, the 
only real roots are -|- 1 and — 1 ; we therefore divide by a^ — 1. 
Depressed equation, a:;^-|- 1 = 

Whence, ^ a? = ± V — 1 

.6. By 'Arts. 494, 501, the only real root is — 1 ; we therefore 
divide by a: -f- 1. 

Depressed equation, a^ — a:"-}"^ — a:-}-l = 

Dividing by a:», ^a:«+i) — (a: + i) + 1 = 

Substituting yforar + 'j ^ — y — 1==0 

Completing square, y^ — y -j- J = J 

Whence, y = ^ ::t 1 Vo 

Replacing value ofy, a:-j-- = ^±i V5 

Or, ar» — i(liV5)a: + l'=0 

Compl. square, ar^— i(l it V5)a:+TV (1 ± VS)^ == "^^^^^"J^ 

Whence, a: = J (1 ± V5 ± V— 10 di 2 v/B) 

The above example may also be solved like Example 2. 



7. The factors of 7^ — a® are a*-}-a' and a? — a\ When 
a:*-}- a* = 0, a? = — a, and ~ (1 ± V — 3), by Example 4. 
When ar* — a' = 0, the substitution of ay for a: gives ^ — 1=0, 
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in which y = 1, and — i (1 db V — 3), by Example 3, and multi- 
pljringbyo, a: = aj and — ^(Izh^—^)' 

Hence a: = =fc a, and ± | (1 =t V^). 

The above equation may also be solved by means of Arts. 495, 
500, 501, without separating it into two factors of the third de- 
gree. 

8. Substituting 2y for a;«, we have Si/—S = 0,oti/^ — 1 
= 0, whose roots are 1, and J( — 1 rt V — 3), by Example 3. 
Multiplying by 2, and replacing the value of y, 

2y = a;* = 2, and — 1 rt V^^^ 
Squaring, a: = 4, and — 2 =F 2 V — 3 

9. Substituting 3 y for a* we have 81 y* — 81=0, or y* — 1 
= 0, whose roots are i 1, and ± V — 1 by Example 5. Multi- 
plying by 3, and replacing the value of y, 

3y = a:3 = rb3, andd=3V— 1 
Cubing (Art. 256), a; = rt 27, and =F 27 V-^ 

As the sign ^ in the last two exami)les is independent of all 
others in the same expression, it has the same force as 4- . 

CARDAN'S RULE FOR CUBICS. 
(Art. 513, pp. 390, 391.) 

3. Here p = Q and q = — 2. Substituting in formula (B), 

Art.. 508, 

x=z(l^ Vl+8)* + (1 — vr+¥)3 

Reducing, x = V 4 -|- V — 2 
Or, x=:\^—\^ 
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4. Given 




a*— 6a: -1-9 = 0- 


2 

Substituting z-^-- 


for 


<"> «^+| + 9 = 


Or, 




««4.9»«-f-8 = 


Compl. square, 




«« + 9a»-)-^ = i^ 


Whence, 




^+| = ±} 


Then, 




a» = — 1, or— 8 


And 




z = — 1, or — 2 


Substituting, 




2 
«=»-f-"'^ — 1 — 2, or 


Or, 




x = — 8 



Dividing a:" — 6 a? + ^ hj x-\-S,we obtain 
Depressed equation, a;^ — 3a:-}-3 = 
Completing square, a::^ — 3a:-j-|= — | 

Whence, x = y~ 

5.^ Substituting y-|-2 for a, in order to remove the second 
term (Art. 466), we obtain 

y»+45y — 98 = 0. 

The substitution may best be effected by synthetic division, as is 
shown in Example 9. , 

Substituting 45 for j?, and — 98 for q, in formula (B), 

y = (49 +V2401+337o)^+ (49— V240l+3375)* 

Or, y = \^49+76 + 'V^49 — 76 = 5 — 3 = 2 

Hence, a: = y+2 = 2 + 2 = 4 

The same result may be obtained by substituting z fory, 

and going through the operation according to the Rule, as in the 
4th example. 

Dividing a* — 6a:* + 57a — 196 by x — 4, we obtain 
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Depressed equation, is^ — . 2 :e -|- 49 = 
Completing square, sc* — 2a?-|-l = — 48 

Whence, x = lrt*V^^ 

6. SubstitatiDg ^-|-f for x, in order to remove the second 
term (Art. 466), we obtain 

Substituting — -^ for j9, and ^^ for q, in formula (B), 

Or, y = >vCZ^4-4/±^ = _4_4=_Jj^ 

Hence, a: = y+f = — i^ + f = — f = — 2 
Dividing a? — 4ta^ — 8 a?-f- 18 by a:-|- 2, we obtain 
Depressed equation, a* — 6a:-|-9 = 
Whence, a: = 8, or 3 

7. Substituting y -f- 8 for a:, 

yt_216y— 1241=0 

Substituting — 216 for j9, and — 1241 for q, in ibrmula (B), 

y=z(J^Jti-j-yxiiiJiiaJ — 373248)3+(ii\jU_^i«4|iiai_373248)* 

Or, = (x^i + ^r)^ + (1^1 — a ji)i = >v^729 + 4^512 

= 9 + 8 = 17 
Hence, a? =y + 8 = 17 + 8 = 25 

Dividing a" — 24 ar* — 24 a: — 25 by x — 25, we obtain 
Depressed equation, a:^-|~a;+l=0 
Completing square, a:*+a:+J = — | 

Whence, x = "~ J' 

8. Substituting y — 8 for x, 

y8_48y+ 128 = 
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Substituting — 48 for^, and 128 for q^ ^n formula (B), 

y = (— 64+V4t)96 — 4096)^+ (— 64— V4096— 4096)^ 

Or, y = 'V^— 64 + \^— 64 = — 4— 4= — 8 

Hence, a? = y — 3 = — 8 — 3 = — 11. 
Dividinga:» + 9ar» — 21a: + ll by ar+ll, 

Depressed equation, x^ — 2a;+l = 
Whence, a: = 1, or 1 

9. Substituting y -|- f for a?. 



— 2 


+ 2 


-1 l+f 


f 


-1 


+ ?* 


-J 


+ ¥, 


-sV 


+ § 


-* 





±1 


Hence y«+§y — 3V = 0. 
Substituting f for/>, and — -fj for {>, in formula (B), 

Or, y = (A + v;hi7)*+ (A- Vrfii;)* 

— Si i — i 

3 3 3 

Hence, a? = y + f = ^-j-|= i 

Dividing ac* — 2ar*-|-2a: — 1 by a? — 1, we obtain 
Depressed equation, x^ — x-j- 1 = 
Completing square, x^ — X'\-\ = — | 

Whence, a: = ^ 

The above equation may also be solved as a recurring one* 
23 
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10. Substituting 6' for/?, and — 20 for q, in formula (B), 

ar=(10 + Vi00 + 8)3 4-{10 — Vl00 + 8)3 

Or, a:=(10+6V3)3+(iO — 6V3)3=l+V3+l— V3=2 

Dividing a^-\-6x — 20 hj x — 2, we obtain 
Depressed equation, a:*-|-2x4-10 = 

Completing square, a^'\-2x'-\-l = — 9 

Whence, a; = — 1 =fc V^ = — 1±3 V^^ 

APPROXIMATION BY DOUBLE POSITION. 

(Art. 515, pp. 392, 393.) 

2. When 3 and 4 are substituted for x in the equation we 
have 

a:« = + 27, and + 64 
— 2a: ==— 6, and — 8 
— 50 —50 

Errors = — 29, and -\-6 
It is evident that 4 is nearer the true root than 3 ; hence a =4, 
i = 3, w4 = 6, and Bz= — 29. Substituting these values in 
the formula. 

When 3.8 and 3.9 are substituted for x, we have 
a:» = 4- 54.872, and +59.319 
— 2a: =— 7.6, and— 7.8 
— 50.0 —50.0 

Errors = — 2.728, and -\- 1.519 
As 3.9 is nearer the true root than 3.8, a = 3.9, i = 3.8, 
A = 1.519, and B=z — 2.728. Substituting these values in the 
formula, 
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3,_o0 . l.r>2(8.8-8.9) _ -. 

X — 3.d+ 1.52+2.73 -^•^+T! 



— .152 
J +2.73 — -•''-r 4.25 

= 3.9 — (.036 — ) = 3.864 + 

Whp.n 3.864 and 3.865 are substituted for x, we have 

a^z= 57.69144, and 57.73624 

— 2 a? = — 7.72800, and —7.73000 

— 50.00000 ■ — 50.00000 

Errors = — .03656, and + .00624 

Here a = 3.865, 5 = 3.864, ^ = .00624, and J? = — .03 65 6. 

Substituting in the formula, 

^ — ^ ft«^ _L »00624 (3.864- 3.865) _ « o^k i -.0000062 4 
X = 3.865 + ,00624 + . 03656 " ^'^^^ + .0428 * 

= 3.865 — (.000146 — ) = 3.864854+ 

3. When 4 and 5 are substituted for x in the equation, we have 

a*= 64, and 125 

10a:2_i6(>^and 250 

5a: = 20, and 25 

— 260, —260 

Errors = — 1 6, and + 140 

The difference of the errors is 140 -|- 16, or 156. 

Then, 156 : 1 :: 16 : .1, the correction. 
Hence, a:= 4 + (.1 +) = 4.1 + 
When 4.1 and 4.2 are substituted for x, we have 

a^= 68.92, and 74.09 

10a:3 = 168.10, and 176.40 

5 a: = 20.50, and 21.00 

— 260.00, — 260.00 

Errors = — 2.48, and + 1 1.49 

The difference of the errors is 11.49 + 2.48, or 13.97. 

Then, 13.97 : .1 :: 2.48 : .017 + 

Hence, a: = 4.1 + (.017 +) = 4.117 + 
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When 4.117 and 4.118 are substituted for Xy we have 

a^= 69.78187, and 69.83273 

10 a* = 169.49689, and 169.57924 

5 a: = 20.58500, and 20.59000 

— 260. —260. 

Errors = — .13624, and .00197 

The difference of the errors is .13624 + .00197, or .13821. 
Then, .13821 : .001 :: .00197 : .000014 
Hence, a: =4.1 18 — .000014 = 4.117986 

4. When 2 and 3 are substituted for a; in the equation, we have 
a^= 8.0, and 27.0 
8a:«=32.0,and 72.0 
Qx =12.0, and 18.0 
— 75.9 —75.9 

Errors = — 23.9, and + 41.1 
The difference of the errors is 23.9 + 41.1, or 65. 
Then, 65 : 1 :: 23.9: .4 — 
Hence, a: = 2 + (.4 — ) = 2.4 — 
When 2.3 and 2.4 are substituted for x, we have 

x»= 12.167, and 13.824 

8 ar» = 42.320, and 46.080 

6 a: =13.800, and 14.400 

— 75.900 —75.900 

Errors = — 7.613, and —1.596 

The difference of the errors is 7.613 — 1.596 = 6.017. 

Then, 6.017 : .1 :: 1.596 : .02 + 
Hence, a: = 2.4 + (.02 +) = 2.42 + 

When 2.42 and 2.43 are substituted for x, we have 
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7^ = 141725, and 14.3489 
8a« = 46.8512, and 47.2392 
6a; = 14.5200, and 14.5800 
— 75.9 —75.9 

Errors = — .3563, and + .2681 
The difference of the errors is .3563 + .2681, or .6244. 
Then, .6244 : .01 :: .2681 : .0043 
Hence, x = 2.43 — .0043 = 2.4257 

5. When .6 and .7 are substituted for x in the equation, we 
have 

a* = .22, and .34 

{ix = .41, and .48 

— .75 —.75 

Errors = — .12, and +.07 

The difference of the errors is .19. 

Then, .19 :: .1 :: .07 : .04 — 
Hence, x=.7 — (.04 — ) = .66 + 
When .66 and .67 are substituted for ar, we have 
x» = .287496, and .300763 
{ix = .453750, and .460625 
— .750000 --.750000 

Errors = — .008754, and + .01 1388 
The difference of the errors is .020142. 

Then, .020142 : .01 :: .008754 : .0043 + 
Hence, a: = .66 + (.0043+) = .6643 + 
When .664 and .665 are substituted for x, we have 
a* = .292755, and .294080 
{^x = .456500, and .457188 
— .750000 —.750000 
Errors = —.000745, and +.001268 
23* 
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The diflference of the errors is .002013. 

Then, .002013 : .001 :: .000745 : .00037 
Hence, x = .664 + .00037 = .66437 

6. When 10 and 11 are substituted for a; in the equation, we 
have 

ar* = 10000, and 14641 

— 3a:^= —300, and —363 

— 75 a; = — 750, and — 825 

— 10000 — 10000 

Errors = — 1050, and -f 3453 

The difference of the errors is 4503. 

Then, 4503 : 1 :: 1050 : .2-|- 
Hence, a: = 10 + (.2 +) = 10.2 + 

When 10.2 and 10.3 are substituted for Xy we have 

ar*= 10824.32, and 11255.09 

_3ar»= —312.12, and —318.27 

— 75 a: = — 765.00, and — 772.50 

— 10000.00 —10000.0 

Errors = — 252.80, and + 164.32 

The difference of the errors is 417.12. 

Then, 417.12 : .1 :: 164.32 : .039 + 
Hence, x = 10.3 — (.039 +) = 10.261 — 

By substituting 10.26 and 10.27, the next figures of the root 
may be obtained. 

7. When 8 and 9 are substituted for x in the equation, we 
have 
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a? = 


32768, and 


59049 


2a* = 


8192, and 


13122 


Za» = 


1536, and 


2187 


A3? = 


256, and 


324 


bx = 


40, and 


45 




— 54321 


— 54321 



Errors = — 11529, and + 20406 
The difference of the errors is tS1935. 

Then, 31935 : 1 :: 11529 : .4 — 
xience x = 8.4, nearly. After substituting 8.4, it is found too 
small, instead of too large ; hence we use 8.5 for the other value. 
When 8.4 and 8.5 are substituted for a?, we have 

a:* = 41821.194, and 44370.531 
2a;*= 9957.427, and 10440.125 
3ar«= 1778.112, and 1842.375 

4ar»= 282.240, and 289.000 

bx = 42.000, and 42.500 

— 54321.000 — 54321.000 

— 440.027, and + 2663.531 
The difference of the errors is 3103.558. 

Then, 3103.558 : .1 :: 440.027 : .014+ 
Hence, a: = 8.4 + (.014 +) = 8.414 + 
By substituting 8.41 and 8.42, or 8.414 and 8.415, for Xy the 
other figures of the root may be obtained. 

NEWTON'S METHOD OF APPROXIMATION. 

(Art. 516, p. 394.) 

2. When 1 and 2 are substituted for x in the equation, the 
results are — 1 and 3, respectively ; hence a root lies between 1 
and 2. Substituting 1 -|-y for x, there results 
1— 3y^— y« = 0. 
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whence, approximately, ^=J> y=^^ = A 8^^ aj = l-|-.6 
= 1.5. 

Substituting 1,5 -j- z for a:, there results 

.125 — 3.75z — = 0, 

.125 
whence, approximately, z= '-^-rr = .03 and a; = 1.5 4- .03 = 1.53. 

Substituting 1.53 -|-tr for x, there results 

.008423 — 4.02i7tr — = 0, 

008423 

whence, approximately, w = -70227" ^^ -00209, and 
X = 1.53 + .00209 = 1.53209, 

3. When 1 and 2 are substituted for x in the equation, the 
results are — 1 and 24, respectively ; hence a root lies between 
1 and 2, and nearer to 1. Substituting 1 -|~^ for a:^ there results 

1 — 36y + 125^— y» = 0, 
whence, approximately, y = ^ = .03, and a: = 1 -|- .03 = 1.03. 

Substituting 1.03 -|-« for a:, there results 

.069227 + 35.2827 « — = 0, 

.069227 
whence, approximately, 2 = — ' = — .00196 and 

X = 1.03 — .00196 = 1.02804. 



THE END. 



Wm. L. Morgan, Compositor. 
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